Math 4 Honors													Name ______________________________
Lesson 3-1: Limits of Polynomial & Rational Functions			Date ___________________________

Learning Goal:
· I can use direct substitution to evaluate the limits of polynomial and rational functions.


Limits are a fundamental concept in calculus.  Your experience with limits thus far has been with end behavior.  For example:  
[image: ]In this lesson, you will be evaluating limits of polynomial and rational functions x is approaching a specific value for c.

	




I.	Limits can be determined graphically, numerically, and algebraically.  We will focus on the algebraic technique of direct substitution.  That is,



		***Substitute c for x then evaluate.

The results of using direct substitution to evaluate limits of polynomial and rational functions are summarized as follows:
[image: ]










Study the examples below and their solutions.
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																										  OVER 

																										Page 2
Practice:
[image: ]Find each limit.

[image: ]1.		     						    						2.	








II.	Sometimes the direct substitution technique fails when evaluating limits of rational functions.  Let’s 
revisit the example from the front of this page.  Notice how c now equals -3. 
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[image: ]
			Try it out:









							Does your answer fit the pattern in the table above?

							The process you just used is called the dividing out technique.
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III.	Another way to find the limits of some functions is first to rationalize the numerator of the function. 
This is called the rationalizing technique. Recall that rationalizing the numerator means multiplying the numerator and denominator by the conjugate of the numerator.  This will eliminate the irrational expression from the numerator.



	Examples of conjugates:       		and		


								  	and		
								
Study the following example of this technique:
[image: ]							

























[image: ]Now you try:
		Find the limit:  













																									  OVER 

																											Page 4
Lesson 3-1 Homework
Show all work on another sheet of paper.

Use direct substitution to find each limit.
[image: ]















Use either the dividing out technique or the rationalizing technique to find each limit.
[image: ]
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														Challenge:  
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Limits of Polynomial and Rational Functions
1. 1fp is a polynomial function and ¢ is a real number, then

lim p(x) = p(e),

2. 1fris arational function given by r(x) = p(x)/g(x), and ¢ is areal
mumber such that g(c) # 0, then

lim () = () :1%
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Find each limit,
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Solution
The first fimetion s a polynomial function and the second is a rational function
(with a nonzero denominator at x = —1). So, you can evaluate the lmits by direct
substitution.
a fim (F+x-6)=(-12+(-1)=6
=-6

Ftx=6_(-IP+(-1)-6

L —1+3
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Direet substitution produces 0 in both the numerator and denominator,

(-3 4 (-9 -6=0

-3+43=0

MNumeratoris Owhen x = —3

Dencminator is O whenx =

3

The resulting fraction, §, has no meaning as a real mumber. It is called an
indeterminate form becanse you cannol, from the form alone, defermine the limit, By
using a table, however, it appears that the limit of the function as x— —3is —5

x

—3.01

—3.001

—3.0001

-3

—2.9999

—2.999

—2.99

%+ 3

Ptx-6

—5.01

—5.001

—5.0001

7

—4.9999

—4.999

—4.99

When you try to evaluate a limit of a rational function by direct substittion
and encounter the indeterminate form §, you can conclude tha the muerator and
denominator must have a common factor. After factoring and dividing out, you should
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try direct substitution again.
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Find the limit: lim

Solution
By direct substitution, you obtain the indeterminate form §,
Vitl-1_JiFi-1_0
fig ST =TS TS =8 e foum

In this case, you can rewrite the fraction by rationalizing the numerator

VErT (m - 1)(m + 1)
x x Nitl+1
+1) -
TAERT ) ittt
x
TAErI+D) Sty
#
R ey Divids cut commen faer
S P
Now you can evaluate the limit by direot substitution.

e YEFTZL 1 1 1 1
i, = fm = = -1
0 x =0 S+ 141 JO+1+1 1+1 2
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Definition of Limit

1f #(x) becomes arbitrarily elose to a unique number L as x approachss ¢ from
cither side, the limit of f(x) as x approaches ¢ is L. This is writien as

lim £(x) = L.
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