Math 4 Honors
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Permutations and Combinations Take a closer look at the cells in the “No Repetitions™ column
of the table. Situations that fit in these cells involve the ideas of permutations and combinations.
These ideas were referenced in the newspaper article at the beginning of this investigation. In the next
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several problems, you will learn about
permutations and combinations.

Suppose a club with 15 members decides to
hold an election to elect three officers. Consider
two possibilities. The club members might elect
a President, Vice-President, and Treasurer, as
indicated by the French Club ballot below. Or
the club might elect an executive committee
consisting of three members of equal rank, as
indicated by the Ski Club ballot.
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o Consider the number of different possibilities for President, Vice-President, and Treasurer in the
French Club.

In which cell of the chart in Problem 3 does this problem belong? Enter “P-VP-T" in the
appropriate cell of your chart.

How many different three-person groups are possible for President, Vice-President, and
Treasurer? Explain your reasoning.

° There are several possible strategies for solving the French Club counting problem. AJ used the
following strategy.

There are 15 choices for President. Once the President is chosen, then there are

14 members left who could be chosen for Vice-President. Once the President and Vice-
President have been chosen, then there are 13 members left who could be Treasurer.
So, by the Multiplication Principle of Counting, there are 15 x 14 x 13 = 2,730 different
possibilities for the three club officers.

Does AJ’s answer agree with your answer in Problem 4? If not, resolve any differences.

Use this strategy to count the number of possibilities for three club officers if the French
Club has 20 members.

Use this strategy to count the number of possibilities if a 15-member French Club decides to
elect four officers—President, Vice-President, Treasurer, and Secretary.
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° Factorial notation is a compact way of writing certain products of consecutive non-negative
integers. For example, 5 x4 x 3 x 2 x 1 = 5! which is read as “5 factorial.” In general, when n is
a positive integer, n! =n x (n — 1) x --- x 2 x 1. For convenience, 0! is defined to be 1.

a. Explain how AJ’s method in Problem 5 for computing the number of possibilities for the

three people who will be President, Vice-President, and Treasurer in a 15-member club is
related to factorials.

b. What factorial-type computation would you use to compute the number of possibilities if a
French Club has 30 members and they decide to elect four officers—President,
Vice-President, Treasurer, and Secretary?

Counting Formulas for the French Club Ranked-Officer Problem The methods in
Problems 5 and 6 generalize to useful counting formulas that will now be developed in Problems 7
and 8.

o If there are n club members and & ranked officers will be elected, then the number of
possibilities for the k officers is n(n — 1)(n - 2)---(n -k + 1).

a. Apply this formula to the counting problems in Parts b and ¢ of Problem 5. Verify that you
get the same answers that you got before.

b. Explain why this formula is a generalization of the method described in Problem 5.
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c. How many factors are in the product n(n — 1)(n - 2)---(n -k + 1)?
d. Explain why the last factor is equivalent to [n — (k — 1)].
o Consider another counting formula for this situation. If there are n club members and & ranked
officers will be elected, then the number of possibilities for the & officers is
n!
[R5l

a. Apply this formula to the counting problems in Parts b and ¢ of Problem 5, and verify that
you get the same answers you got before.

b. Prove that the formula in Problem 7 is equivalent to the one above by showing that

nn-Dn-2)---m-k+1)= (Tn'k_)'

c. Explain why the expressxon

k)' makes sense as the number of possible -member

ranked officer slates.
e A permutation is an arrangement in which order matters and repetitions are not allowed.
a. Explain how the French Club problem involves permutations.

b. How many permutations are there for a club with 5 members when each member will be
given a ranked position? Explain how to count these possibilities using the two formulas in
Problems 7 and 8.
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Now consider the Ski Club election. Recall that in
this situation the club will elect a three-person
executive committee instead of a President, a
Vice-President, and a Treasurer. All three
members of the executive committee are equal in
rank. The problem is to determine how many
different three-person executive committees can
be chosen from the 15 club members.
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o Consider the number of different possibilities for membership on the Ski Club executive
committee.

a. Before you actually count the possibilities, compare this election to the French Club
election. Do you think the number of possible three-person groups in this election is more
than, less than, or the same as the number of possible three-person groups in the French
Club election? Explain your reasoning.

b. Interms of order and repetition, what is the difference between the Ski Club problem and
the French Club problem?




image15.png
c. Which cell of the table in Problem 3 corresponds to the Ski Club problem? Enter
“committee” in the appropriate cell of your table.

d. Now solve the problem: How many different three-person executive committees can be
chosen from a club with 15 members? Compare your answer and your solution method to
those from the French Club problem in Problem 5. Explain the differences.

o As you may have discovered in Problem 10, the methods used in Problems 5-8 to solve the
French Club problem can be modified to solve the Ski Club problem. Consider how Jamila
modified the strategy used in Problem 5.

There are 15 choices for the first executive committee member. This leaves 14 club
members who could be chosen as the second executive committee member, and

13 choices for the third executive committee member. So far, this yields

15 x 14 x 13 possibilities, just as in Problem 5 with the French Club. However, in this
situation different orderings do not count as different possibilities. For example, a
committee of ABC is the same as a committee of BAC. In fact, for a committee
consisting of A, B, and C, there are 6 different orderings that make the same
committee, so you must divide the first calculation by 6. This gives a final answer of
@Qgﬂ = 455 possible committees.

a. List the 6 different orderings of a committee ABC mentioned in the strategy above. Explain
how to use the Multiplication Principle of Counting to count the number of different
orderings without listing them.

b. Does the final answer given in the description of the strategy agree with your answer in
Problem 10 Part d? If not, resolve any differences.
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Suppose the Ski Club has 24 members. Use the above strategy to determine how many
different three-person executive committees can be chosen from the club.

. Suppose the 15-member Ski Club decides to elect a four-person executive committee.

i. Use the above strategy to determine the number of four-person executive committees
that can be chosen from the club.

ii. By what number did you divide in this situation? Use the Multiplication Principle of
Counting to show how to compute this divisor.

Now consider the use of factorials in these executive committee-counting problems.

i. Explain how the method for computing the number of three-person executive
committees that can be chosen from a club with 15 members is related to factorials.

ii. Use a similar method involving factorials to count the number of different five-person
executive committees that can be chosen from a club with 30 members.
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Counting Formulas for the Ski Club Committee Problem As in the French Club problem,
you can generalize the methods you have been using for the Ski Club problem to find some useful
counting formulas.

° ‘Write and analyze general formulas for the Ski Club problem, as follows.

a. InProblems 7 and 8, you examined general formulas for the ranked-officer problem. Modify
the two general formulas from those problems so that they apply to an n-member Ski Club
from which you need to form &-person executive committees. Write down the two new
formulas.

b. Use each new formula in Part a to determine how many five-person executive committees
can be chosen from a club with 30 members. In each case, verify that you get the same
answer as in Problem 11 Parte.

c. Prove that the two new formulas are equivalent.
° A combination is an arrangement in which order does not matter, that is, different orderings are

not counted as different possibilities, and repetitions are not allowed. Explain how the Ski Club
problem involves combinations.
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¥ Check Your Understanding

The Union High School marching band has

developed a repertoire of 10 music pieces for this

semester. Due to time constraints, 4 pieces can be

performed at an upcoming event.

a. How many different collections of 4 music
pieces could the director choose?

b. Four music pieces will be put together to
create a program for the event. How many
different concert programs are possible?
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Lesson 5-2: order andRepeiion

In the last investigation, you solved a variety of counting problems by thinking carefully and using
some fundamental counting strategies. In this investigation, you will systematically analyze counting
situations that involve collections. Two important characteristics of such counting situations are order
and repetition. As you work through this investigation, look for answers to the following questions:

How are order and repetition involved in counting situations?
What strategies and formulas are useful in counting situations, not involving

repetitions, where order is important? Where order is not important?

° Read the newspaper article below, which describes how a high school mathematics class was
awarded free meals and $500 for solving a counting problem.
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Take Note: Counting Their Chickens

A national restaurant chain that boasts about its tasty chicken is eating crow after a high school
mathematics class cried foul over a television ad.

The ad shows Joe Montana, the National Football League quarterback, standing at the counter at a
Boston Chicken restaurant puzzling over side-dish choices when an announcer says that more than
3,000 combinations can be created by choosing three of the restaurant’s 16 side dishes.

But Bob Swaim, a math teacher at Souderton Area High School near Philadelphia, and his class did the
math and told the Colorado-based chicken chain that there were only 816 combinations.

“We goofed,” said Gary Gerdemann, a spokesman for Boston Chicken, explaining that the restaurant
had confused “combinations” with **permutations.”

“Apparently we didn’t listen to our high school math teachers,” Mr. Gerdemann said.

The company has, however, listened to Mr. Swaim and corrected its ads. For their eagle eyes, the
students were awarded free meals and $500 to expand the math menu at Souderton.

Source: Education Week. Vol. 14, No. 20, February 8, 1995, p. 3
a. Describe how the issues of order and repetition are involved in this situation.

b. The announcer claimed that more than 3,000 combinations can be created by choosing three of
the restaurant’s 16 side dishes. How do you think this number of combinations was determined?

c. What error in reasoning likely explains the restaurant’s inflated claim of more than
3.000 combinations?
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In the article above, a spokesman stated that the restaurant had confused combinations with permutations.
(Later you may complete Extensions Task 26 on page 580 to consider whether or not what he said is
correct.) In order to understand combinations and permutations, it is important to consider two key
questions: Are repetitions allowed? Do two different orderings count as two different possibilities?
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° Suppose that a local convenience store has
5 flavors of ice cream—chocolate (C), vanilla (V),
pecan fudge (F), mint chocolate chip (M), and
cookie dough (D). Some friends want to try all
possible two-dip cones.

a. Jose loves ice cream, any ice cream. He just
wants a two-dip cone. It does not matter to
him which flavor is on top, or even if both
scoops are the same flavor. For example, he
will gladly accept cookie dough on top of
cookie dough (D-D), and for him there is no
difference between pecan fudge on top of mint
chocolate chip (F-M) or vice versa (M-F).

*  Are repetitions allowed in this situation?
«  Should two different orderings be counted as different possibilities?

+  Based on his preferences, how many different ice cream cone choices does Jose have?
List all the possibilities.

b. Sharita is much more discriminating. She definitely wants two different flavors on her cone,
and she cares about which flavor is on top.

*  Are repetitions allowed in this situation?
+  Should two different orderings be counted as different possibilities?

+ Based on her preferences, how many different ice cream cone choices does Sharita
have? Identify all the possibilities.
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. Jenelle also wants two different flavors on her cone, but it makes no difference to her which
flavor is on top.

*  Are repetitions allowed in this situation?
+  Should two different orderings be counted as different possibilities?

«  Based on her preferences, how many different ice cream cone choices does Jenelle
have? Identify all the possibilities.

. Like Jose, Dora will gladly accept two scoops of the same flavor, but when she has two
different flavors it matters to her which one is on top.

+  Are repetitions allowed in this situation?
+  Should two different orderings be counted as different possibilities?

«  Based on her preferences, how many different ice cream cone choices does Dora have?
Identify all the possibilities.
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€. Which person has the most possibilities from which to choose? Which person has the fewest
possibilities? Explain why your answers make sense.

. Discuss your strategies for finding all the possibilities in Parts a-d and how you knew you
had found all of them.

° The chart below is one way to organize information about counting situations where order and
repetition are important. In each cell of a large copy of the chart, enter the appropriate student
name from the corresponding part of Problem 2. If you used some formula or computation to
determine the number of ice cream cone possibilities, then enter that as well. If not, that is fine,
just write neatly and leave some space for entering several more items in each cell later.

Analyzing Counting Situations





