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6-1 Inverse Functions l

o [ can explain, write, and apply the inverse of a function.
e [ can identify and explain the inverse of a function algebraically and graphically.
e [ can determine if a function is a one-to-one function.

Have you ever heard the expression “she knows it forward and backward” to describe someone who
fully grasps a concept? Often, being able to reverse a process is a way to show how thoroughly you
understand it. In this lesson, you will reverse mathematical processes, including functions. As you

work on this lesson, keep these questions in mind:

e Howcanl “undo” each step? ? @ @ m@
H 1 justi h step?
o ow can I justify each step .. — = :}%}
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Introduction
Suppose you are given the following directions:
* From home, go north on Rt 23 for 5 miles ‘%
¢ Tum east (right) onto Orchard Street d’/ %y
e Go to the 3" traffic light and turn north (left) onto Avon Drive E%
¢ Tracy's house is the 5™ house on the right. )
ore

If you start from Tracy’s house, write down the directions to get home.
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How did you come up with the directions to get home from Tracy’s?
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Suppose you are given the following algorithn:
e Starting with a number. add 3 to it
s Divide the result by 3
*  Subtract 4 from that quantity
¢ Double vour result
The final result is 10. Working backwards knowing this result. find the original number. Show your work.
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Write a function flx). which when given a number x (the original number) will model the operations given

o0 s3(MD) _y)

X = S*t"u‘-l'mq O Pag [

Write a function g(x). which when given a number x (the final result). will model the backward algorithm
that you came up with above.

9 = 3<%+4>-5

X = el answe”

Fill in the following table:
x y=rf(x) z=g(»)
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What do you notice about the above table?
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In this scenario, y = f(x)and z = g(y)are inverses of each other because g(y)will undo the actions of
f (x) . Of course standard notation requires that the letter “x” be used as the input for a function, so we
say that /(x)and g(x)are inverses, knowing that the “x” in f(x)and g (x)are not the same, much as
they were not the same in the “starting number” and “ending number”. In fact, the “x” in g(x) is

actually the output (the y) from f(x).



In order to simplify the notation, mathematicians refer to the inverse of f ( x) as [ ( x), read “finverse

of x”

1. Your friend Anita built a function machine. Remember, a function is
a mathematical relation in which every input value (represented by x)
is paired with exactly one output value (represented by y). In more
technical terms, every value in the domain is paired with exactly one
value in the range. A picture of Anita’s function machine is shown at
the right. When she put in the number 3, the number 7 came out.
When she put in a 4, a 9 came out. When she putina -3, a—5came
out.

la. Make a table to organize the inputs and outputs from Anita’s function 7
machine. Explain in words what this machine is doing to the input to
generate the output.

mput (g |2 | 2
Output(y) | =5

y
+ 1 9
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1b. Anita’s function machine suddenly started working backwards: it began pulling outputs back up
into the machine, reversing the machine’s process, and returning the original input. If 7 is pulled
back into this machine, what value do you think will come out the top? Anita sets up her new
backwards function machine and enters the other outputs. What would you expect to come out
the top if 9 is entered? If —5is entered? Explain.
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lc. . Record the inputs and outputs of the backwards function machine in a table. Record the numbers
going in as x, and the numbers coming out as y. Explain in words what Anita’s backwards
. 1 function machine is doing. '
P;U" 6@3 E’
Qu\\z@ > | Input (x) -5 | 7

9
Output(y) | =3 | 3 4

1d. How are the tables for the two machines related?
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le. Write equations for Anita’s original function machine and for her backwards machine. How are

the two equations related?
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2a.

2b.

2c.

2d.

3a.

3b.
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The function machine at right follows the equation # ( x) =5x+2. 4

[f the crank is turned backwards, what number should be pulled up %
into the machine in order to have a 4 come out of the top?

N = 542 =
Ny =2 C—”)

If you want to build & new machine that will undo what h(x) does

to an input. What must your machine do to 17 to undo it and
return a value of 37
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As we learned above, an “undo” function is called an inverse and has the notation /' (x) . Write

an equation for 4" (x), the “undo” function machine.
B (¥ Yz X-2
Choose a value for x. Then show that your function, /™' (x), undoes the effects of the function
machine 2(x). {, [ y =
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Mr. Sheppard is now working with a new function, g(x) . He

wrote down the following steps for g(x):

e  Add5 :

. Divide by 2

o Cube it (find the third power)
. Multiply by 6 '

What is the equation for g(x)? What is the output when 3 is the
input? (_“" \ ¢ 3 : . § Jien 4 ,&
30 (=32 ) 3= L(( ) )
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o (3) = 3y

Help Mr. Sheppard write down the steps (in words) of the inverse machme g ( X ), and then

write its equation.
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Verlfy that your equation in part (b) correct]y ‘undoes” the output of g(x) in part (a).

g (2ed)= a (B ) -5

o (3%“0 -3

Finding an inverse of a function algebraically.



function and its inverse?
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4. Find the inverse of each of the below functions. Use inverse notation. Then grapﬁboth
function and its inverse on the given coordinate plane. 10~
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4c. Why was the line y = x drawn on each coordinate plane? How is the line y = x related to a
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5. Below is an arrow drawing representing the assignment of inputs to outputs for the function
f(x):‘x|. ; fix) = x|

5a.  Explain how you know f'(x)is a function.
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5b.  Explain why f'(x) does not exist.
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6. N\ Dec1de of the inverse of the below graphs exists. Explam ymu reasoning.
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6. Decide Gf\the inverse of the below graphs exists. Explain your reasoning.
Graph I f(x) = 2x + | Graph il f(x) = ;‘5
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Graph m fix) = (x- 3)° Graph IV f(x) = 2 — 4x
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7a.  Solve the following equation: X =8
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Explain how the fact that the above equation has a solution seems to contradict your answers to
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Notes
Restricted domains
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8a.  Given the following table of values for the function f{x), describe the domain and range.

x | 4|3 210 1] 2]3] 4
ol 211 o] 1| 2]3]|4]5]|-6

Domain: gxez: -ye Xe L.lg
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8b.  Make a similar table that shows the values of f ~1(x), then describe the domain and range
x 2 VO |- |- -3 —-y| -9|-b
o |-4 -3 | -2~V [ o || x| D Y4

Domain: 5)(&,2 . -(05%_‘.93

Range: %%QZZ—Qg_\jﬁL{}

8c. Is the relation /' a function? %@3‘ Q_\DJ\7 X {5 QQ(QD wh‘t—. \ Y



9. Make a table of values for a function g that does NOT have an inverse. Explain.

R W B YR TE=T|
30 wh?—ﬂ—?—i

— 900 s o fachon <ince every X 5 P ko | koot

— (X) Do
o es nNot \wwe 4, vz Snee Tre by of Z

'\6 Po\\fe,O WL Mola. XLen { \/\QU‘"
25 |
F > Z

10. Suppose that the coordinates of the function g(x) are shown on the graph below. Plot points that
represent coordinates for g71(x). sw\r % ans y
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b. After drawing the line segments connecting each (a, b) point to each (b, a) point, I can see that
the graphs of g(x) and g/(x) are reflections of each other over the liney = ¥ :



SUMMARY:

What patterns in an arrow diagram of a function indicate that the function does or does not have an
inverse?
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What patterns in the graph of a single coordinate graph indicate that the function does or does not have
an inverse?
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What geometric pattern relates graphs of functions and their inverses?
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What strategies do you use to algebraically find /" when you know the equation for £ ?
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