65. (@) N =4-2
{b) 4 days: 4 - 2* = 64 guppies
1 week: 4 - 27 = 512 guppies
{c} N()=2000
4-2" = 2000
2" =500

In2" = In300
tin2=In500

= msgo = 8.9638 There will be 2000 guppies after

t

8.9658 days, or after nearly 9 days.

{d) Because it suggests the number of guppies will
continue to double indefinitely and become arbitrarily
large, which is impossible due to the finite size of the
tank and the oxygen supply in the water.

66. (a) y=41.770 x + 414.342

]

{~5, 25] by [0, 1500]

(b)y= 41.770(22) + 414.342 = 1333
13331432 = -99

The estimate is 99 less than the actual number,
(C}y=mx+b
m=41.770

The stope represents the approximate annual increase
in the number of doctorates earned by Hispanic
Americans per year.

67. (a) y = (17467.361) (1.00398)" =

f'/

[-5, 251 by {17000, 200007

() (17467.361) (1.00398)% = 19,138 thousand or
19,138,000
19,138,000 ~ 19,190,000 = —52,000
The prediction is less than the actual by 52,000.

17,558

227 2 0.0398 or 4%
(19.138)(23) oreve

()

Section 2.1

8. @m=1
by=-x—1
Chy=x+3
(@2

69.6a) (2, =) x—-2>0
{b) (—==, oo} all real numbers

©) flxy=1-In(x~2)

O=1-Iix—-2)
I=n(x-2)
el mx—2
=& +2=471%8
@ y=1-in(x-2)
x=1-In(y—2}
x—1=—h(y~2)
el—x =y__2
y=e"T 42

(€ (fof W)= F(f M x) = f2+e)
=1-In2+e™ -2 =1-In(e"*)
=1-{1-x}=x

Ve X = G = FH - Ingx - 2)
— 24_ ei-(1~!n(x—-2)) - 2+eh(x-—2}

=2+ (x~2)=x
70. (a) (—oo, ==} all real numbers
{b) [-2, 4] 1 — 3 cos (2x) oscillates between =2 and 4
)
(@) Even. cos (—8) =cos{6)
(e) x=2.526

Chapter 2
Limits and Continuity

51

Section 2.1 Rates of Change and Limits
(pp. 59-69)

Quick Review 2.1
L. f(2)= 2(23) - 5(2)2 +4=0

420 -5 11
P+4 12

2. f2)=
. 2 .
3. f(2)=sm[7r-—£)=sm =0

I
IOmETTS
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5. [x<4
—d<x<d
6. !x]<c2

—?cx<it

7. Jx=2<3
-3<x—-2<3
~l<x<5

8. ]x——c]<d2
~d*zx—-c<d®
~d*te<x<d ke

2 o
o * —3x—18g(x+3)(x 6):x-6,x¢—3
x+3 x+3

2 —
9, 2mx _ x2x-D oz L1
95t bx—l (2x~DE+D x+1 P

Section 2.1 Exercises

Ay 16(37 ~16(0)°
1, ot TR 488
At 3-0 e

Ay 16(4)* ~16(0)
2 Sl L 64
Af 4-0 4“
2 2
3. &y _16@+h)"-16(3) sy h=001
At h
_16(3+0.01)° ~16(9) _ 16(9.0601) - 16(9)
- 2.01 09616 0.01
1449616144 0.
= = =96.16%
0.01 0.01 Ve
Confirm Algebraically
Ay _16(3+h)* ~16(3)°
At heo .
=16(9+6h;h )-144 _ 96h-;16h — 96+16m)3,,

ifh=0, then 22 =96
At secC
4Dy _16(4+h) —16(4)"

Y h
say h=0.01

16(4+0.01)? ~ 16(4)*

0.01
_ 16(16.0801) - 16(16)
a 0.01

_ 257.2816-256

0.01
_L12816 oo B
0.01 sec

Confirm Algebraically

Ay _16(4 +hy* ~16(4)°

At h
_16(16+8h+ )~ 256
N h
_128h+16K°

h
ft
= (128 +164)—
s8¢

if & = 0, then ézz k28—ﬁ-
At 86

8, fim (2% -3x" +x~1)

-
=26 ~3¢% +¢-1

4 3
6. lim* 3t 1
x-¢  x" 4+ 9
_c“—-c3+1
2+9
1Y 1 1
7. lim 35%@2x~D)=3) ~=] 12 == |-1|=3] = I(-2
mex(x ) ( 2){( 2) } [{J( )
=3
2
Graphical support:

4= TRR(ER 1) /

pees 7 ly=us
[-3,31by [~2,2]

8. lim (x+3)1998 - (_4*3)1993 m(w_i}i993 =1
x4

Graphical support:

Vi={f+3141958

bl —

[—4.001, ~3.999] by [0, 5]

9, lim (% +3x2~2x~17) = (1) +31)* - 2()—17
x-51 .
=1+3-2~-17=-15
Graphical support:

vi:xmxz-zar? /

et =18
{-3, 3] by {25, 25]

//*-\‘-



10, [y Lt H6 _ 2 45Q+6 20 5
T2 y+2 242 4

Graphical support:

ﬁ:;ﬂ?%ﬂ-&_ﬁ)#iﬁfa) )
.ﬁ:.a Y=k
[~3, 3] by [—5, 10

i 2 ~1~4y+3 (-3 +4(=3)+3_0 _
(-37-3 6

1L

y-3 oy 2.3

Graphical support:

V‘i‘(}!Z"iH*—})/(HZ—?)\\\

W

[ 3, 53by [

12, lim intx = intl =0
1312 2
Note that'substitution cannot always be used to find limits
of the int function. kts use here can be justified by the
Sandwich Theorem, using g(x) = hx} = 0 on the interval
(0, 1).

Graphical support:
Hizint (k) -
Ha.8 — v=0

[~4.7, 47 by [~3.1, 3.1}

13. lim (x 6 = (-2 )7 = Y (-8) = Y64 = 4
PR

Graphical support:

1z JE{(H-6)2Y

w

=2 Yol
{—10, 103 by {~10, 10}

1. ]in%\/x+3 =243=45
Xy
Graphical support:

LA L] _,_,..—-)C"""d_ﬁ

/”‘

H=e Y=g L3E05H
[-4.7, 4.7 by [~3.1,3.1)

Section 2.1 B3

15, You cannot use substitution because the expression

x—2 is not defined at x = -2. Since the expression is not
defined at points near x = -2, the limit does not exist.

- U
16. You cannot use substitution because the expression = I
?

. 1 N
not defined at x = 0. Since ~5 becomes arbitrarily large as
X

x approaches  from either side, there is no (finite) limit.

{As we shall see in Section 2.2, we may write lim ——]2— = 00,)
x—0) X

1

17. You cannot use substitution because the expression = is
x

x X
not defined at x = 0. Since Hm u =-] and Em ]_l =1,
x—0" x x-0" X

the left- and right-hand limits are not equal and so the limit
does not exist.

18. You cannot use substitation because the expression
2
-1
@27 =16 4 pot defined at x = 0. Since
X
@A+ —16 8x+x°
X x
andisequal fo lim B+x)=8+0=8.
it

=8+ x forall x # 0, the limit exists

19.

FI={R-13/ (821

‘”‘w

H=l Y=
[~4.7, 47 by [-3.1, 3.1]

lim 2l '”]m
x>l ,--1_2

Algebraic confirmation:

Lox-1 x—-1 ) i 1 1
lim = |im ~ =2 T e S i 2 e
=l ] e (D (k-1 aslx+l 141 2

20,

VI=tRE- 2R3 HE-4)
¥

i

"t

=2 /'rn

[~4.7,47] by [~3.1, 3.1]

32 1
192 2 ed T4
Algebraic confirmation:
2 — — e — =
iimt 3z+2:1m(t Bt mmlim-{_l: 2~1 1
=2 pt 22

2 f+2 242 4



B4 Section 2.1

21

VISEERT+RERI A IR Y- 022

B=0 Y=
[—47, 471 by [-3.1, 3.1

i SE 8 1
=035 -16x7 2

Algebraic confirmation:

55 + 8 e PGx+8)

HH = M
030 w1622 0 52357 —16)
S5x+8
10 3% 16

= {im

5(0)+8

T30 ~16
1

"6 2

8

22

=irgen-107%

Hzh ﬂd’:

{~4.7,47] by [=3.1, 3.1]

1 1

1
lim 2tx 2 o
x50 x 4

Algebraic confirmation:

1 H
fim 252 o iy 222
x30 X x5}
. —X
=i TR )
= im -1
-0 202+ x)
e N
22+0) 4
23.

HEEE )T B

Held |'|‘=
[—4.7, 473 by {5, 20]

3 —
i 24X -8
x50 X

12

Algebraic confirmation:

3 2, .3
1im(2+Jc) Sﬂ]jmlz.x-i-m +x
130 X X3l

= lim(12+6x+ x°)
=0

=12+ 6(0)+(0)* =12

{H=sinziadn

N

o

=0 =
[-4.7, 4T by {—3.1, 3.1}

ﬁmsm2x -2
-0 X

Algebraic confirmation:

fim sin2x —9lim sin2x

-0 X =0 2x
25,

BFicqintRIFLERE-

#=0 \hfﬂ

{~4.7, 47 by [~3.1,3.13

sinx
0 2x% —x
Algebraic confirmation:
sinx . (sinx

=1

il
w02y —x 10

26,

FEERr S eI AR

Mﬂ"'"‘\‘.\‘q"’-

H=h =
[~4.7,4.71by [—3.1,3.1]

Xx+sinx
=2

lim

ey x
Algebraic confirmation:

. x+sinx sinx
lim = lim [ 14—~
x—0 X x>0 X

. sinx

m(!iml)+[hm--—~

x—=0

=l+i=2

221y 2

i

Tx 2x-1

=} fim 2L | tim
a0 X x=02x—1

)

x40 X

1
)”(1)(2(0)-4)"}

T

T



27.

{H=CsinginE A

H=g \_/I'ﬂ

[~4.7, 471 by [-3.1, 3.1]

2
Emsm Izo

x-=0  X

Algebraic confirmation:

. 2
. sin“x sinx
lim = hm(smx ———-—)
x

=0 X 20
= (Iim sinx) (hmﬂ)
a3} x-0 X
= Gn 0 (=0

28.

=TT 7 ST \

L™

AERA

—2, 21 by [~-10, 10]

Isindx
-0 sin3x
Algebraic confirmation:

., 3sindx . {sindx  3x
Tinp e = 4 lim o
x50 sin3x 20\ 4x sin3x

., sindx . sin3x
=4| lim +} lim
x-0 4x -0 3x

=4(h+ (=4
29. Answers will vary, One possible graph is given by the
window
[-4.7, 4.7} by [--15, 15} with Xscl=1 and Yscl = 5.

30. Answers will vary. One possible graph is given by the
window

[-4.7, 4.7] by [-15, 15] with Xscl = I and ¥scl = §.

31. Since intx = O forxin (0, 1), Ii:{)} intx=0,
30"
32. Sinceintx=--1 fofx in (-1, 0), lim intx=-1,
x-307
33. Since intx=0forxin (0, 1), lim intx=0.
x-G.01

34, Since int x = 1 for xin (1, 2), linzlwintx =1.
Xy,

35. Since =1 forx >0, im

[+ 2500 |x|

Section 2.1

36. Smce = Ifqrx<0 lim e -1,
H = IXI
37. (@) True
(b) True

(c) False, since im f(x)=0.
X3l
(d) True, since both are equal to 0.
(e) Frue, since (d) is true.
() Troe
{(g) False, since lim f(x)=0.
x=20

(h) False, Bm f(x)=1,but lim f(x) is undefined.
x-3 X531
(i) False, lim f(x)=0, but lim f (x) is undefined.
xept X3l
(j) False, since lim f(x)=0.
X327

38. (a) True
(b) False, since lim f{x)=1.
32
(c) False, since lim f(x)=1.
2
(&) True
(e) True
(f) True, since lin?_ fex)= lmll fix.
= X=
(g) True, since both are equal to 0.
(h) True
{i) True, sinceim f(x)=1forall ¢in (1, 3).
X—3C

39. (a) ﬁ[!:;l_ flxy=3
() lim f(x)=-2

(© ]in?i J{x} does not exist, because the left- and right-
X,

hand Hrmits are not equal.
@ f3)=1
40.(2) Hm g(h=35
13-4~

®) lim g(r)=2

©) Iixﬁ g(ty does not exist, because the left- and right-
-

hand limits are not equal.
(@ g(-4)=2

55
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41 () lim f(R)=—4
(b) hlgi{f)lff (h)=-4
(¢ E{%f {()=-4

(A f0)r=-4
42, (a) iirmr; p($) =3

®) lim p(s)=3
() lim p(s)=3
P )

@) p-2)=3
43. (a) h'n(r)l" F(x)y=4

(B lm F(x)=-3
a6

{c) lin(:} F{x) does not exist, because the left- and right-
A=

hand limits are not equal.
(A FQ)=4
4. (a) lim G(x)=1
X2

(h) Hm G(x)=1
x-a2*

(c) HﬂG(x) =}

(DG =3
2 — —
45, ylmx +x 2=(x 1)(x+2)=x+2,x;f=1
x—1 X}
(©
2
X5 e g +D(x—2
46, y, = X 2:(x x—2)
x—1 x-1
(b}
2 _ 132
47. yi=x 2x+1m(x D =x=-Lx#l
x-1 x-1
(d)
2 — —
48 y1=x +x 2m(x D{x+2)
x+1 x+1
(@)

49. (a) chiﬂ {glx)+3)= (il_rg g(x)) + (iz_rg 3) 234326

0t 0=ty o) =4 00

2z
© lim gz(x)={gg;g<x}) = =9

. glx) @hw?ﬁig}_._ 3

S0 (a) lim (/) g0x)= ( }‘iggf(x))+(iig§ 5)
=T+(-3)=4

b) fim (£ =(h§}) fcx)) (;1_13 g(x))
‘ =(7) (-3)=-21
(©) lim4g() =4 lim g(2) = 4(-3) =12

M_Emf(x) 7 7

\\/

-3, 61 by [-1, 5]
(B) lim f(x)=2lim f(x)=1
x—2" X327

(¢) No, because the two one-sided limits are different.

52. (@)

N
N

[-3, 6] by {-1.5]
(b) lim f(x)=1lim f{x}=1
x-32° £-32"

(¢) Yes. The limit is 1.

53.(a)
J
4

[-5, 5] by -4, 8]
(b) hn11 Fix)=4; imll F{x) does not exist.
poss x—=1"

{¢) No, because the left-hand limits does not exist.

,’/—\“‘.



54, (a)

LT

/1)

[-4.7, 4.7 by 3.1, 3.1]
() Iim f(x)=0; lim f(x)=0
x= 1" x=p1”

(¢) Yes. The limit is 0.
55. (a)

N/
NS

[-27, 2] by [-2, 2]
(b) (27, B0, 2m)

{©) c=2m
{d) c= —2ur
56. {a)

Y

[0, ] by [~3, 3]

o (=M

{€) c=m (d) c=~mr
57. (a)

[-2, 4] by [-1, 3]

(b) (0, 1} {(1,2)
©c=2 (@ c=0

Section 2.1 §7

58. (a)

59.

60.

!
i

i~4.7,4.7) by [-3.1,3.1]
(b)Y (oo, =1}t (~1, D)W (1, )
(¢) None (d) None

T E=HEin(EY

=g = \

[—47.4 7] by [—3.1, 3.1]

lim {xsinx)=0

x>

Confirm vsing the Sandwich Theorem, with g{x}= —!x!
and h(x) = [x!

[xsin x[ = Ix] ~jsinxl < Ix] 1= |x1
-Jx] € xsinx S lx

Because fim (~|x))= lim|x| =0, the Sandwich Theorem
0 X3

gives lim (xsinx)={.
x—0

RSN

A
s

[—4.7, 47 by {—5, 5]

lirn (xzsirzx) =0
x50

Confirm using the Sandwich Theorem, with g(x) =-x* and
h(x) = X
1x2 sinxl zlxziv]sinxf % Ile-} =x?

Tsinx <x?

—~Jc2 <x
Becanse lim (~x%)= lim x> =0, the Sandwich Theorem
a0 x=3{)

gives Iim (x%sinx)=0
xed()
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61.

Y i=RRsinCE A2

o =
{~0.5, 0.5] by [—0.25, 0.25]

ﬁm(xz sinwlfJ:{)
X} x“ 71

Confirm using the Sandwich Theorem, with g(x) = ~x2and

h(x) = x2.

.1 L1
x? sin— =1x2‘- sin — sixzttlzxz.
x x
.1
—xzsxzsm—zsx2
x

Because lim (—x%)= limx* =0, the Sandwich Theorem
%0 K30

give lim (x2 smW}nﬁn] =0,
x>0 X

62.

¥1=HxCon(1,/X2)

i

H=g L
[—0.5, 0.5] by [—0.25, 0.25]

]im()c2 coleiv] =0
el x

Confirm using the Sandwich Theorem, with g(x) = — x* and
h(x) = x.

1
x2c0s-5 =|le-
x

$|x2|'1=x2.

COS L
. xl

1
—x? € x? CO8 5 <x*
X

Because lim (~x?)= lim x* = 0, the Sandwich Theorem
X320 x—=0

give lim (x2 cos—lz-) = (.

x-30 X

63. (a) In three seconds, the ball falls 4.9 (3)> = 44.1 m, so its
average speed is ﬁ%’i =14.7 m/sec.

(b) The average speed over the interval from time 7= 13t

time 3 + kis

Ay 490G+ -493)"  4.96h+h%)

At (3+h)-3 h
=29.4+4.9h

Since }‘m}} (29.4+ 4,91 = 29.4, the instantaneous speed
—
is 20.4 m/fsec,

64.(a) y=gt*
20 = g(4%)
gw Y = 3 orl.25
16 4
20
(h) Average speed = T =5 m/sec
(¢) If the rock had not been stopped, its average speed over

the interval from time t =4 totime r=4 + his
Ay 125(4+h —1.25(4)°  1.258h+ A7)

At (4-+hy—4 h
=10+1.25k
Since 1111_r:{1} (10+1.25h) = 10, the instantanecus speed is
10 m/sec.
68, True. The definition of a Hmit.
66. True
e (L S
sinx=x as x—0,
67.C.
68. B.
69, E.
70.C.
1. (a)
x -0, | -0.01 -0.001 ~0.0001
flx) | ~0.054402 t ~0.005064 | ~0.000827 | ~0.009031
{b)
x 0.1 i 0.01 0.001 0.0001
Fx) | —-0.054402 | -0,005064 | -0.000827 | —-0.000031

The limit appears to be 0.

P



76. {a) The limit can be found by substitation.
lim f(x)= f(2)=\32)~2 =4 =2

(b) The graphs of y, =f(x), y, = 1.8, and », = 2.2 are

shown.

=

e

Intersection
L TARERer YetE . . .

[1.5, 2.5} by [1.5, 2.3}

Section 2.1

59

The intersections of y, with y, and y, are at x = 1.7467
and x = 2,28, respectively, so we may choose any
value of ¢ in [1.7467, 2) (approximately) and any

valae of b in (2, 2.281.

One possible answer: a = 1.75, b= 2.28.

shown.

e

P

arf
. Hinterscetion
fiog. 3067 Na188 .,

{c) The graphs of y, = f(x), y, = 1.99, and y, = 2.01 are

72, (a)
X -1 ~0.01 ~(3,601 —-0.0001
fix) 0.5440 0.5064 -(0.8269 0.3056
(b)
x 0.1 0.01 0.001 0.0001
fix) ~0.3440 ~0.5064 0.8269 ~,3056
There is no clear indication of a limit.
73. (a)
X -0.1 -0.01 -0.001 ~(LOO01
Fix) 2.0567 2.2763 2.2099 2.3023
(b
X 0.1 0.01 0.001 0.0001
Fix) 2.5893 2.3293 2.3052 2.3029
The limit appears to be approximately 2.3.
4. (a)
x -0.1 -0.01 ~0.001 -0.0001
flxy | 0.074398 | -0.009943 | 0.000585 | 0.000021
®
x o1 | 001l 0.001 0.0001
f | -0.074398 i 0.009943 | ~0.000385 | —0.000021

The limit appears to be 0.

75. (a) Because the right-hand limit at zero depends only on
the values of the function for positive x-values near
ZEro. ’

(b) Area of ACAP = %—(base) (height) = %(l) (sing) = §1—;—6—

(angle)(radius)® _ 0 (1)* @
2 22

Area of AOAT = —;—(base)(height) = %(1) (tanf) = fang

Acrea of sector OAP =

(¢) This is how the areas of the three regions compare.
{d) Multiply by 2 and divide by sin 8.
(e} Take reciprocals, remembering that all of the values
involved are positive.
(f) The limits for cos &and | are both egual to, 1. Since
5’3%9 is between them, it must also have a limit of 1.
sin(—6) —sinf sind
—t —b ]
(h) If the function is symmetric about the y-axis, and the

right-hand limit at zero is 1, then the left-hand limit at
zero must also be 1.

(i} The two one-sided limits both exist and are equal to 1.

®

[1.97, 2.03] by [1.98, 2.02]

The intersections of y, with y, and y, are at x = 1.9867
and x = 2.0134, respectively, so we may choose any
value of g in [1.9867, 2), and any value of & in

(2, 2.0134] (approximately).

One possible answer: ¢ =1.99, b =2.01.

77. (a) f(%)=sin%w%

{b) The praphs of y, = f(x}, y, = 0.3, and y, = 0.7 are shown.

o

-

o
Intereection
A2 IOMERIES W3 s

{0, 13 by 9, 1]

The intersections of y, with y, and y, are at x =~ 0.3047
and x = 0.7754, respectively, so we may choose any

value of a in [0.3047,%], and any value of b in

(%,0.7754} where the interval endpoints

are approximate.
One possible answer: a = 0.305, b = 0.775,
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77. Contined
(¢) The graphs of y, = f(x), y, = 0.49, and y, = 0.51 arc

shown,
5

i

A
Inkaksaction
R ELZOBEOE y=n8

{0.49, 0.55} by {0.48, 0.52]

The intersections of y, with v, and y, are at x=0.5121
and x = 0.5352, respectively, so we may choose any

value of  in [0.5121,%], and any value of b in

(% ,6.5352], where the interval endpoiats are

approximate.
One possible answer: a=0.513, b= 0.535.

78. Line segment OP has endpoints (0, 0) and (g, a2),s0 its

midpoint is O+a M e f{f{i and its sloe;is
P 2 T2 22 Peis

2t -0

a—0
a

= ¢. The perpendicular bisector is the line through

a o . 1 . L
-iw,w with slope —-, so its equation is
a

o

2
y= 1 -2+ % whichis equivalent to
a 2 2
2 o 2
1+
y= —ix+ Lta . Thus the y-intercept is b= ____Zfz__ As the

[41
point P approaches the origin along the parabols, the value
of a approaches zero. Therefore, :

l+a* 1+0° 1

lim b= lim .
Pm a0 2 2 2

Section 2.2 Limits Involving Infinity
(pp. 76-77)

Exploration 1 Exploring Theorem $
1. Neither lim f(x) or lim g{x} exist. In this case, we can
Xyoo

A—pen
describe the behavior of fand g as x —> oo by writing
lim f{x)=o0 and lim g(x) = . We cannot apply the
x—pe0 X-—yea

quotient rule because both limits must exist. However,
from Example 3,

fim 2EES0E _ gy [5+%)=5+0=S,

Kepen X A-yon X

so the limit of the quotient exists.

2. Both fand g oscillate between 0 and 1 as x — oo, taking on
each value infinitely often. We cannot apply the sum rule
because neither Hmit exists. However,
tim (sin? x +cos? x) = lim (1) =1,

Koo A~pea

50 the limit of the sum exists.

3. The limit of fand g as x — == do not exist, 0 we cannot
apply the difference rule to f— g, We can say that
lim f(x)= lim g(x)=co. We can write the difference as
K=yoo Aot

Fxy-gxi=m@x)~alx+1)= in—zf—l— We can use
x

graphs or tables to convince ourselves that this limit is
equal to In 2,

4. The fact that the limits of fand g as x — o0 do not exist
does not necessarily mean that the limits of f+ g, f~g or

f

“. do not exist, just that Theorem 5 cannot be applied.
8
Ouick Review 2.2
1 y=2x-3
y+3=2x
y+3=x
2
Interchange x and y.

£+3

=

Uy X138 ST
frx== s

Vi
f/

[-§2, 12] by {8, 8]

Z.y=¢"
Iny=x
Interchange x and y.

Inx=y

Fixy=nx

=
/

[-6, 6] by [-4. 4]

P



3. y=tanx

tany=x —E'( <-7§
y=x, 5 y )

Interchange x and y.

ar 1
tanxmy,-——2—<x<—

2
wl w k2
=fanx,~——< X< —
7 (x) %= 5
[-6, 6] by [-4, 4]
4 y= cot™ x

coty=zx, O<x<ar
Interchange x and y.

cotx=y.0<y<aw

Flixy=cotx, O<x<mw

R

[-6, 6} by [-4, 4]
5, 2

3
3x3+4x-~5)2x3w3x2+x ~1
2x3+0x2+—8—x-—1—0-
3" 3

—

—3x2—§x+z
3 3

2
Q(I)—g

r(x)=-3x* ~—5—x+z
3 03

6. 2x +2x+1
P25+ 0xt = P+ 0P+ x—1
27— 2%+ 0P+ 247
2= K22+ x-1
2 2t 0x% 4 2x
Fo2?- x-1
e 2P Ox 41

g x=2

g(x) = 2x% + 2x+1
F(x) = g 2

Section 2.2 61

7. {a) fl—x)} = cos (—x) = cos x
o))
X X
8. (@) fl~x) = T o

(b) f(i]ze'”x
X

9. (a) f(~x)= n(~x) _ _I-x)
—-x x

(b} f(l)= In1/x =xlnx "t =—xlnx
x 1/x

10.(a) f(-x)= (——x-'r :l;]sin(wx) = m[x~|~ %J(—sinx)

(44 )ona
o o))

Section 2.2 Exercises
1.

— [ —

[-5, S} by [-1.5, 1.5]

R |
490 | .gu8us
£ ‘BhEAk
30 35855
G |1
360 | gumon
+z90 | ‘anEng
~Sho | BEEEY

Y1Bcos(1-¥)

(@) lim f(x)=1
(b) Lm f(x)=1

() y=1
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Lhﬂf\f\f\.z

YNV YT

{—10, 10] by [—1, 1]

%
10¢ L
£08 =003
00 DOLES
1400 B3k
iag ~goRe
“2h0 ~0g43
~500 | Q0iaE

T HS1NCARI/ A
@ fim f(x)=0
oo

(b) lim f(x)=0

(©y=0

1
=

{—5, 51 by [—10, 10]

i
144 HE 4G
200 FE-50
® 0

|
Jo0 | EXROR

1B —H )
{a) lim f{x)=0

X-hoo

(b) xl_iu)nqlnf(x)m—m
©y=0
r

{10, 10] by [—100, 300}

7

10¢ Bsas

FLily 118228

308 a3k

2 HERHAR

-ige | sed2?

"20f | L21B2R

"3 | 7ereR
YABCSR 3 -R+1 2/ Cn

(@) lim f(x)=-o

(b}, lim f(x)=-co

() No horizontal asymptotes.

6.

7.

—]

[—20, 20} by [~4, 4]

T
by |4k
§3§ algaau
iy 23874
£ | AR
-380 -z;q_gr
V1B(SKtHL1(abgl...

@ lim f()=3
®) lim f()=-3

(©y=3,y=-3

k' S

T

{—20,20] by [-4, 4]

¥ lgn
15 OB1E
2 |
i 13085,
-2a0 | 2038
Egn | -Soik
Y1BC2X~-13(absd..

(@) lim f(x)=2

(b) lim f(x)=-2

(hy=2,y=-2
[Ms, 5] bY {.»2’ 2}
E;
Wo 11
f0 |1
TN
200 |1
.50 L2
Wi B abhs CHY

(a) ii_r)n Ffx)=1
(b} xi_i)rif(x)mwl

©@y=1,y=-1



8.

]

[-5,51by [~2,23

b
TS
56 B3
1000 | lkas
% |,
0o |58
1 Habs k)~ { aDs L.

(@) }iﬁof(x) =1
) xl_i’n_tf(x) =}
{eyy=1

9,0<1—-cosx<2. So, forx >0 we have Osl—cosxsm%.
X

By the Sandwich Theorem,
0= fim (0) = bm ~2%% = iy L oo,
Kepon X0 X Ko 0 X

16.0< 1 —cos x5 2. So, forx > 0 we have ~—-1—2~Sl—cosxs().

x
By the Sandwich Theorem,

0= lim (0)= lim 252X
Xmi—oo

Hi—v0 X 2

= lim —-15-:0.
Xepmso
11. ~i<sinx <1

fm L= fim L=0,

Xud—oa X Koo X
12, —-1<sin(x") <1

Iim :-l~=1im }*=0.

X-doo X Xeyoo

13.

R
{—2.6]by{~1,5]

P
el
9 s
Ll

NN
S

el

<

5

bod

N
oo
IS 2@

i
8

»
i
L
*
i
b

Section 2.2

14.

\""'—\

/

[-2, 6} by [—3,3]

7 —

1.2 “1.5

15 )

1.8 -3

13 -1g

155 ~144

1.884 | -1983

15488 | 1054
WP BRA (K2 X

X
= —0Q

Xt X e 2

T ]
'3.E “1.28
-3 “EE
33 “3.253
3.2 -5
3.5 ]
“$.64 108
-2 008 | ~1e0d
1Bl /(843D

X
-
=3 X+ 3

[~7, 11 by [-3, 3]

E
2.2 275
"Z.B "E5
27 -3
2.8 ]
.8 ]
-2.88 | 289
-2.939 | -2855

FIBR- CRETS
i
e 88 e )
-3 X 43

63
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17.

Section 2.2

et 7 N )

[~4, 4] by {-3, 3]

19.

MiBint (X ¥
. inix
i —— = oo
x—=0" X

N

[

LY ]

8 36y

A ERPa

3 038

3 0.617

i o

i 001
-y | doone
iRl sindp

20.

N
RN

[=ar, 7] by [3, 3]

R
Ta | e
iy | -5xed
188 1 -ivH7
15 | amee
AR

| i:57es | -iAEs
Y181 cos (¥

lim secx=-co
x-a{1ri2y*

_ x xE ) (2x+D-x
21.y—(2-—x+1)(5+x2]“( Tl S 2

M(x%»ZJ x2 _ P ax?
+1 542 ) et ase+s

3
An end behavior model for y is ic_; =1
‘ X

lim y= hm =1

P K
limy y= lim 1=1
Ky i

ao )

3 St r10x? —x-2
e
3

An end behavior model for y is 5~x§— =35,
x
lim y=ltm 5=35

X-poo x—pes

lim y= Hm 5=5

Km0 Koy

23, Use the method of Example 10 in the text.

cos(w) 0s(0) 1

' X COSX CO8

lim = lim = ===
=0 i+x 140 1

X—yoe

=
x
S

© [“1"] © 1
}}:ﬂl X - hm COSX - COs m—#}
Fopentis 1 -0 T+ x 1+0 1
T4
X

TN

AT



2x+sinx sin x
e 122 ) e e
x

24. Note that y =

So, limy= fim 24 fim ok =240=2.

Xryen X0 x-yes X

Similarly, Hm y=2.
s Tl

25, Usey=—r=o
J 2x% 4+ x X 2x+l
. osinx
lim e =
xeddes X
i =0
xdchoo 2x+1
So, lim y="0and Hm y=0.
Xiporr Xeyunts
2. yrwlmsmx“*“v}wsmx
2 x x x
So, lim y=0and lim y=0.
Lo Xl annoty

27.

o

1T

[—4, 41 by [3, 3],
(@) x=-2,x=2
{b) Left-hand Limit at -2 is ca.
Right-hand limit at -2 is —ee,
Left-hand limit at 2 is --co.
Right-hand limit at 2 is e,

28,

-

Ty,

@y x=-2

(b) Left-hand limit at -2 is —oo,
Right-hand limit at —2 i o,

29.

e

—

[—6, 6] by [—12, 6}
{a) x=~]

(b) Left-hand limit at —1 is —eo,
Right-hand limit at -1 is ce,

Section 2.2

30.

A
[

[~2,4]by (2,2}

(a) x—”—-—%,xmiﬁ

{b) Left-hand limit at w—% ig oo,

Right-hand limit at ww;— is —e.

Left-hand limit at 3 is o=
Right-hand limit at 3 is —co.

NN
IRRR

[—2ar, 29r] by {~3, 3]
(a) x=/F, kany integer

31

(b) at each vertical asymptote:
Left-hand limit ig ~oo.
Right-hand iimit is c.

TN E
ALLN

[~2ar, 2w} by {3, 3]

-32.

{a) x= —g—-i— n, 1 ahy integer

b)) I nis even:

Left-hand limit is o,
Right-hand limit i§ ~eo,
If n is odd:

Left-hand limit is oo,
Right-hand limit is e,

65
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tanx _ 1 sinx _ 1
Sinx SIHXCOSJC COsX

33, flxy=—

cosx=0at a=(4k +1}f’25 and b= (4k+ 3)-"25 where ks
any real integer.
lim J(x)=oe, !im+ Jxy=-ea, im f(x)=—ce,
—a X3k
im Flx)=oe.

©ox=b”

cosx  sinx cosx  sinx

sinx=0at a=2kw and b= (2k+ 1)wr where kis any real
integer.

Jim f(xy=-oe, lim f(x)=co, lim f()=os,
lin;a fx)=—e.

.2
35. An end behavior model is Z - 2x2, (a)
X

5
36. An end behavior model is Ex_z' =0.52°. ()
X

.2
37. An end behavior model is Ealp. —2x%. (d)
—-X

4
38. An end behavior model is j—i =—x°. (b)

39. (a) 3x°
{b) None

40. (a) —4x°
(b} None

x 1
41, e
@ 2x2 2x

h)y=90
2
42. (a) 3% =
X
byy=3
3
8. () =4
X
(b) None
- 4
(@) = x?
X

(b) None

45. (a) The function y = ¢ is a right end behavior model

X
because iime 2x=1' (1-3§~) 1-0=1.

PRy Xe-3oo &

{b) The function y = —2x is a left end behavior model

x_ X )
because Hm g 2x= jim (—-g—+l]=0+1=1.
X

X002 Kbt

46. (a) The function y = xisa right end behavior model

2 —x —X :
because lim > +: =iim[i+f-2~]m1+0mi.

P L x Kepoo x

{b) The function y = ¢~ is a left end behavior model
2

—X 2

because lim *re o lim [—{—H]
x——e  g” % P W

= lim (x%* +D=0+1=1.

X—p-oo

47, (a, b} The function y = x is both a right end behavior model
and a left end behavior model because

hm[fﬂﬂ—[fq { H) 1+0=1.
a~ytee X Kyten

48. (a, b) The function y = x” is both a right end behavior
model and a left end behavior model because

2, .
- [__im_) i (142 )1,
X—pdoo X o K—dee X

49,

[—4,41by[-1,3]
Y1 ux,
The graph of y=f —e"'* is shown.
X x
. . 1
hmf{x)mhmtf — =00
X3 x—0 X

i f (= lim f(i)

-

et



50.

e e

[—4,41by[-1,3]

The graphof y=7F (E) = mluzwe‘” * is shown.
x) x

hm f(x)— hm f[ ]
Elm fix)= hm f(—i—me
x

L
N

[_39 3] by [_25 2’}

51.

The graph of y= f(wlm)— ln1
x x

lim f(x)= iim f(%) 0
hm fix)= hmf(%]—

52,

RN

g —

[—5, 51by [-1.5, 1.5]

The graph of y= f[—j-)= sinx is showmn.

X £
Tim £(3)= lim f(—f;)ml
izm f(x)— Eim f{—)]; =1
53.(a) hm f(x)— I_izn [£]=O
() Em f(x)= }:m( H=-1
. e 1
© i 1=y =

@ lip £ = i (1)=-1

is shown.

Section 2.2

X

34, (a) hm f(x)m hm w: lim —=1
~tto X1 g x
(b) fim f(x)= lim —13 ={)
X=joo x—yoe
x=2 -2
(Y Ezm = lim s T2
(© lim f(x)= Jim b=t
(d) lim fix)= lim -I——'oo
x—0" - x-8* x?“ o
55, One possibie answer:
Y
5k
! ¥ =ftx)
i | i H | é x

V1 F T

I

]

i

S
\\_ ;
1
\J;
]

i

i

]

]

:

ALY [08,0) _ LG8 )
W/ g g@WAE® L/ g5G)
£

As x becomes large, L and 5L both approach 1.
& 82

57. Note that

h1h
&'le,

must also

Therefore, using the above equation,

approach 1.

58. Yes. The limit of ( f+ g) will be the same as the limit of g.
This is because adding numbers that are very close to a
given real number L will not have a significant effect on
the value of ( f+ g) since the values of g are becoming
arbitrarily large.

59. True. For example, f(x)=

hag y=+ 1 ag
x“+1

horizontal asymptotes.
60, False, Consider f{x) = Hx.

61. A, iim approaches zero, 50 lim - approaches —oo.
a2 X =2



68 Section2.2

cos(Zx) cos(0) cos(0) _ 1

62.E. lim ——— — undefined
x=30 X 0

63.C.

64.D. %"_:-2
x

65. {(a) Note that fg =f (x)glx) = 1.
forweasx—s 07, froasx— 0%, g =0, fz— 1
(b} Note that fg = f(x)g(x) =-8.
fomasx— 0, fs-masx->0", g0,
fg—-8
{¢) Note that fg = f (x)g(x) =3(x 2 }2.

for—ooasx—s 27, frwasx-> 2%, g0,/ 50

(@) Note that fg= f(x)g(x)z(x 53)2 .

f=ro0, g0, fg 200
(e} Nothing — you need more information to decide.

66, {a) This follows from x — 1 <int x 5 x, which is true for
all x. Dividing by x gives the result.

{b, ¢) Since lim ——: lim 1=1, the Sandwich Theorem
X-ytee X Koo
gives lim Intx _ = lim intx ],
X—hoe X A X

—X

67.For x>0,0<e <1, s00<l
X

< -1— Since both 0 and l
X x

approach zero as x — ¢e, the Sandwich Theorem states that
—X

o .

-~ TS al80 approach zero.
x

68. This is because as x approzches infinity, sin x continues to
osciliate between 1 and —1 and doesn't approach any given
real number.

2

69, lmm: 2, because Inx = 2inx =
xeee f0X Inx Inx
nx Inx Inx
lim = = In (10), Since =
70. e logx {10 logx (nx)/(nl0)
=Ini0,

71 Hm In{x+1)
e Inx

Since 1n(x+l)mlnlix[1+i}]ﬂinx+ln(l+l],
x x

nx+In 1+~1~ In 1+~1«
In(x+1) X 14 X
Inx Inx inx

=]

But as x — oo, [ + l/x approaches 1, so ln(l + 1/x)
approaches In{1) = 0. Also, as x — <o, In x approaches
infinity. This means the second term above approaches 0
and the limit is 1.
Quick OQuiz Sections 2.1 and 2.2
X

2._ —
1.D. hmf________@ where x = 3.1
-3 x=3

(3.0°-3.1-6 9.61-3.1-6 05
3.1-3 0.1 0.1

2. A, 3x+1x<2isnotdones1nce lim

x-p2"

ﬁfmi where x =121

X+

3 3.3

2.1+1 31 3

3% 3
3B =

2 2

COSx COS o

4.{a) flxy= =

-1 cosx 1

byForx>0,-1<cosx< 1. Thus —— £ s - and
x X X
Bm—-1/x < nmcosxs lim l.Because
Xepoo xyoo X xm00 X
fim =t 2 =0, im 2o
X—jeo X X—doo 1 X X
COs X
{c) ismm ~1<cosx <1
x—30a X
.1
m =0
Xedoo X

(M Foralix>0,~1scosx s,

COs X

Therefore,—}— < £ l
x x x

Since lim (—ljm lim (-I—J = {), it follows by the
xeeol X x—seal X

Sandw;ch Theorem that Hm cosx

Koo X

= 0.

AT

SN



Section 2.3 Continuity (pp. 78-86)

Exploration 1 Removing a !)iscontinuiw
1. x% - 9 = (x ~ 3)(x + 3). The domain of fis (~ce, —3)
{~3,3) W (3, ) or all x # 23,

2. It appears that the limit of fas x — 3 exists and is a little
more than 3.

e

{~3,6}by{—2, 8]

o]

3. f(3) should be defined as -1—39

4 *—Tx-6=(x-3(x+D{x+2), x> -9

(BB s0 ) = STHEED g

Thusy hmw - g.Q:.l_Q‘
x33 x+3 6 3

5, Hmg(x) = ~I~9~ = g(3), 80 g is continuous at x = 3.
x-23 3

Cuick Review 2.3
3572041 3D -2-D+1_6_

1. lim
P I -1 +4 3

2. (a) §31311_ fix)= lir_r_ll__ int{x) =-2
®) limrf(x): lirﬁ‘_f{x) w1

(¢} lim f{x} does not exist, because the left- and right-
]

hand limits are not equal.
@) f (1) =int (-1)=~1
3.(a) lim f(x)= 1irz?1_(x2 —4x+5)=2" —4D+5=1
b d e 4

M lim fx)=lim{d-x)=4~-2=2
E Al 22"

{c) lim f{x) does not exist, because the left- and right-
X2

hand limits are not equal.
Wf@=4-2=2

Section2.3 69

a, <fog)(x}=f<g<x))=f&+1}=

_gg+x)—x ~ x+2_

,x#=0
(d+x)+5x 6x+1

2x—1 1
(g°f}(x)wf(g(x))~»g[ 13 )“ 1!

x5
_x+5  2x-1 3x+4

T 2x-1 21
5. Note that sin x* = (g o f}x) = g(f(x)) = g{ x°).

#-5

Therefore: g{x) =sinx, x =0

(fog)(x) =f{gle) =f(sinx} = (sinx*) or sin’x, x20

6. Note that 1 = (go [)(x) g (F)=4f{x)~1. Therefore,
x

JFx)—-1= 1 for x > 0. Squaring both sides gives
X
1 i
f(x)~1=—  Therefore, f(x}=--+1,x>0.
x x

1 1
(fog}(x)=f{g(x))=m~;+1=w+1

x~—1
- x—1 X
== x>l
xm1 x~1
7.23* 4+ 9x-5=0
(Zx—-Dx+5)y=0
Solutions: x*—“%, x=-5

/

Zero
P ol )

[-5, 5] by [~ 10, 10]
Solation: x = 0.453

9. For x < 3, f(x) =4 when 5 -- x = 4, which gives x = 1. (Note
that this value is, in fact, £3.)

For x> 3, f(x) =4 when ~ %%+ 6x - 8 =4, which gives

i

x* - 6x + 12 = 0. The discriminant of this equation is
b* — dac = (—6 )* — 4(1)(12) = ~12. Since the discriminant is
negative, the quadratic equation has no solution.

The only solution to the origiral equation is x =},
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10.

: ; . COs x s
8. The function y = cot x is equivalent to y= il a quotient
sinx

\-\\-. of continuous functions, so it is continuous. Its only points

S of discontinuity occur where it is undefined. It has infinite

discontinuities at x =k for all integers £.

127, 6.7] by [~6 6'} 9. The function y = ¢ is a composition (fog)(x) of the
A graph of f (x} is shown. The range of f (x} is contintous functions f(x} = e and g(x)= 1 , 80 it is
{~e0, 131 [2, eo). The values of ¢ for which f (x) = ¢ has no X

solution are the values that are excluded from the range. continuous. Its only point of discontinuity occurs at x = 0,

Therefore, ¢ can be any value in [1, 2). where it is undefined. Since iing ¥ = oo, this may be
20"
Section 2.3 Exercises considered an infinite discontinuity,
1. The function y= 5 is continuecus because itis a 10. The function y = In (x + 1) is a composition (fg)}(x) of
(x+2) the continuous functions f(x) =Inxand gl =x+ 1,801t
quotient of polynomials, which are continuous. Its only is continnous. Its points of discontinuity are the points not
point of discontinuity occurs where it is undefined. There is in the domain, i.e, x < -1,
an infinite discontinuity at x = -2, 11. (a) Yes, f (-1} =0.
. +1 . : s ' BT
2. The function y= mzm_ff is continuous because it is a (b) Yes, lim =0.
x°—4x+3 _ -l
quotient of polynomials, which are continuous. Its only (¢) Yes

points of é;scor_atmmty occur where it is undefined, that is, (d) Yes, since 1 s a left endpoint of the domain of £ and

where the denominator x* - 4x + 3 = (x - 1)(x - 3) is zero. lim f(x)=f(=1),f is contintous atx=—1.
There are infinite discontinuities at x=1 and at x =3, 2ol

: 12, () Yes, f(1) =1,
is continuous because itis a

3. The function y=

2 +1 (b) Yes, lim f(x)=2.
quotient of polynomials, which are continuous. =l
Furthermore, the domain is all real numbers because the (c) No
denominator, x* + 1, is never zero. Since the fanction is {d) No
continuous and has domain (—eo, 0}, there are no points of 13. (a) No
discontinuity.

(b) No, since x = 2 is not in the domain.

4, The function y={x~1 is a composition (fog}(x) of the

chon ]x I P (fo8)(x) 14, Everywhere in [-1, 3) except forx =0, 1, 2.
continuous functions f (x} = ix[ and g(x) =x~ 1, s0itis 15, Since lim f{x)=0, we should assign f (2} = 0.
continuous. Since the function is contimious and has domain 2=

(o2, =0), there are no points of discontinuity. 16. Since lim f(x) =2, we should reassign f (1} = 2.
x-1 .

5, The function y=+/2x+3 is a compositio x) of th
¢ Hncton y * mposition (fg)(x) © 17. No, because the right-hand and left-hand limits are not the

continuous functions f (I)=\/; and g(x) =2x + 3, so it is same al zero,

continuous. Its points of discontinuity are the points not in 18. Yes, Assign the value 0 to £(3). Since 3 is a right endpoint

the domain, ie., all x < _% ) of the extended function and xﬁ-fg" F(xy=0, the extended

function is continuous at.x= 3,
6. The function y=¥2x—1 is a composition (f og){x) of the

19,
continuous functions f(x) = %/E and g(x) =2x -~ 1,50t is \\
continuous. Since the function is continuous and has domain /
(~oo, 00), there are no points of discontinuity, \
x
7. The function y = u is equivalent to
* {-3,6iby [1, 5
ym{—l, x<0 (a)x=2
1, x>0. (b) Not removable, the one-sided limits are different.

It has a jump discontinuity at x = 0.



