y=sec’ U u=x
d d
e = du=2
du( » duu wEs
’ secyt&nyfiw}iwl
du
dy _ i
du  secytany
d__ 1 du
dit gyt -1 8x
_ 2x
yxt -1
2

40.C, fx—tan“](Zx)

See problem 38,
u=2x
au_,
dx
I odu_ 2
1+u® dx 1+4x*
2 i p—
1+4)? 5
7
41. e
@y 7
b
by y=——
(by » 2
. d
{c} None, since —fan~ x = 2;'20.
dx I+x
42.(a) y=10
My==xr
. d
() None, since —¢ot™ x = — 2:&0.
dx I+x
n
43, =—
@)y 3
n
b) y=~
(b) y >

. d 1
{c) None, since —sec™ x = ~mmmmmne 2 (),
) dx ]xly‘x2 -1

4. (a) y=0
) y=0

, d 1
(c) None, since —C5¢™" X 5 v~
dx M "xz )

#0.

Section 3.8

1

45. (a) None, since sin™ x is undefined for x> 1.

Ux is undefined for x < —1.

(¢) None, since LI I
dx

(b} None, since sin”

0.
1-x°

46. (a) None, since cos™! x is undefined for x > 1.

" (b) None, since cos™ x is undefined for x < —1.

1 1

. d
(c) None, since —cos™ x = — #0.
dx 1-x*
. 47 (a)
i3
X
azcosmlx,ﬁ=sin“1x
~1 = s
Socos™ x+sin x=a+ﬁ———-2—.

(b)

A

a=tan"x, B=cot™ x
-1 3 w
Sotan™ x +cot x=a+ﬁ=~£.
(c) F
X
[]
1

a=sec x, B=osc x

- - w
Sosec™ x+csc §x=a+ﬁ=~2~.

48,

145

The “straight angle” with the arrows in it is the sum of the

three angles A, B, and C.

A s equal to tan™" 3 since the opposite side is 3 times as

long as the adjacent side.

B is equal to tan™? 2 since the side opposite it is 2 units and

the adjacent side is one unit.

C is equal to tan™ 1 since both the opposite and adjacent

sides are one unit long.

But the sum of these three angles is the “straight angle,”

which has measure 7 radians.
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49, g -
b}
~
~
~ Fold 1
\
b
A
e S
Foldz  n. -+
\># B
- ~ Y
- ~

\
——

If s is the length of a side of the square, then

tanarﬁﬂl, o ce=tan~! { and
s

t:umJB:HE«:2,s<>,8=tan"1 2.

2
From Exercise 34, we have

=g—g-F=m—tan"' 1~tan 2= tan™' 3.
4

Section 3.9 Derivatives of Exponential and
Logarithmic Functions (pp. 172-180)

Exploration 1 Leaving Milk on the Counter

1. The ternperature of the refrigerator is 42°F, the temperature
of the milk at time r=0.

2. The temperature of the room is 72°F, the limit to which
vtends as ¢ increases.
3, The milk is warraing up the fastest at = 0. The second
derivative y” = -—30(111(0.98))2 (0.98)' is negative, so
¥y’ (the rate at which the milk is warming) is maximized at
the lowest value of £,

4. We set vy =55 and solve;
72 HH0.98) =55

(0.98) = —
17
1 In(0.98) = (30 ]

()
= et = 98,114

11(0.98)
The milk reaches a temperature of 55° F after about
28 minutes.
17
In| —
dy ( 30 )

. —= = ~301n(0.98) - (0.98)". Atz= )
5 30In(0.98) = (0.98)". Atz n098)

;Z 0.343 degres/minute.

CGuick Review 3.9
n8

1. e

log5 8= s

27 mem7xmexjn?

3 (™) =tanx

4.

10.

14
+2
=In(x-2)

n(x* -

=1n(x+2)()c-—2)
x+2

. log, (8%%) = log, 2%y =log, 2%* =3x-15

log4x5 _15log, x ISﬁ_Sm’x:’O
10g4x2 12[0g4 12 4

L 3lnx—In 3x+In(12x3) =1n £% ~ In 3x + ln(12x%)

3 2
n " X12x7)
3x

F =19
n3=ml9
xln 3=in19

n19

= —— 2 268
x n3 6

=1n (4x*)

., 5'In5=18

18
Ins
18

In5 =h—
In5

tlhS=mi18-In(n5)
lnIS 1n(ln5)
In§

5 =

= 1.50

3.x+% =2x
1n3x+1 m]nzx
(x+Din3=xMm?2
x{n3-in2)=-In3
In3

O ok A X ]
In2~In3

Section 3.9 Exercises

e
dx

2. Cd; i(e“) & (2x):2e'2"
3. % - fx_gw e gx"(_") e
4, 2’ ;x S5 5 g; (=5x) = —5¢°
5, ji’ fo (23 o g2 gx“ [%{}=§ el
6. % :; ~xl4 . ld %(_%Jz_ie_m
7. %"‘gx(m )—E(e Yy g2 - g



dy d ’.’.x____
I dx( ) (xe)

= (X" ) + (e )(Zx)—[(x){ex)Jr(@x)(i)]

= x0e" + xe” e

g.dy dJ" J“d(\f-)_exr

e 2/x
10. %:%eﬁx?” o () = 2
1. % %8 =8 In8
12. % jx9" =97*(In 9)-5—;(-—17) =9In 9
d

‘ & _ d
i3. e BOEF - OEE (1 3y
ol {In )dx {escx)

= 3" (In 3} {—csc x cot x)
= —-3%% (In 3)cse x oot x)

14. % = 5;3“’“ =3%(In 3}% (cotx}

= 3% (1p 3)~cse? x)
= 3% (1n I)ese? 1)

dy d o Ld 5 1 2
15.3; —d;hl(x)—;;w(x)—m;@x)—;
iﬁ.% ;x(m )2—21nx——(inx)w21nx
17.~3x1z$1n(x"):-(—-in x)=—;1-, x>0
182 %mfﬂm‘i(mo mx)w()—;lc-

=v-~1~,x>9
X

d 1 d 11 1
19, —In = e o I X e e =

dx n %) Inx dx * Inx x xlhzx

dy_4
Zﬂ.dx—dx(xlnx X)= (x)( J+an)(i) 1

=l+nx-1=lx

dy_d_ . dmni* d
Sl e Y a{x[( )(m }}

2 12 1
m4 x xlnd xin2
2 1Inx
dy d dInx d 2
22, 2_4 ~Aamr e
d deDgS\/—) dx In5 dr Ins
1 4 111
e L gy = L2 >0
05 2 0T 5 5 2ams
y  d ] 1
23 »—w=»&x-logz(;)—m(—logzx)——xlnz,x>0

25,

26.

27,

28,

29,

30.

31.

Section 3.9

d 1 1
dx log, x m (og, 7 dx ﬂ £, %)
11 1
(og,x)* *I2  x(hn2)(og, x)*
n2

x(n Jc)2

dy
dx

or -

dy _d d
P, ~—{n2- log, x)=0n2)Ex—(Iogz x)

X
1
=(n )(xi 2)‘?”0

dy d

?d;m&;logz,(wxin?a
1
S S
(1+xh13)ln3dx( xin3)
m3 1 1

= = s XD
(d+xIn3Hn3 1+x1n3 In3

dy d
koA —fog,, €)=

ar (x log,e)=loge=

2e
n10

— = 0¥ = (xln 10)=1n 10

y=3 ¢ 1=5551
(1.379, 5.551)

U N
m 3
d o
dx( =2
51—=2e"
1

o

x=-1.792
y 2= 2%
2
Y= . I=— 0.667
{(~1.792, —0.667)
v=In2x
e’ =2x
Len==Lew
Py
dx
dy

ez R
dx

147
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32,

33.

34.

35,

36.

37

38.

39.

40.

=n{x/3
y=ntx/3) a1.
d -4z
dx(e)"dx(s]
eyfgx—l
de 3
dy 1
de 3
d "
gxy’:“gx“(xﬁ)mﬂxn !
i}_}‘:__d__(xl'f\lrzu):(}_*_\fz—)xl*ﬁ”l=(1+,\/‘£)x\6 42,
dx  dx
21
% = %xl““ ={l-ex T (-2
iln(x+2)=£ﬁ
ax u dx
—‘Ei—ln(u) ESS )
dx
1 du
x) = e ez | 43,
F@ x+2 dx
x+2>0
x>-2
dq 1 du
ey (2 )=
dx (x+2) u dx
d
e [ =2x+2
. (1} u=2x
du
g ]
dx
=O+£'—inxtl
dx X 44,
x+i>0
x>~
—dmln(Z-«ccsx)mml—g—"—‘
dx u dx
ﬁmm(u) w=2-Cosx
dx
du .
S X
dx
" sinx
J(x) = e
2-cosx
Domain of x is all real numbers.
_‘i-m(x2 +h= Ldu
dx udx
4 2
—In =x"+1
I (i) =X
%22)5
2x
(x)=
f X +1

%% +1> 0, Domain of x is all real numbers.

d 1 du
2 iog, Bx+ 1) = — 2t
& Pe Ge =

u=3x+1
du

s
dx

d
o log, ()

a=72
3
= o,
3x+1>0
x>=1/3

d 1 du
2 g (Wxt1y=—=2
a B D=
H=ax+1

du 1

PN
oy L
£ 2(vx+1)2 10
1
C2(x+DInl0

2x+2>0
x>-1

d
Ex‘"k)gl() ()

a=10

y=(@inx)"
Iny=laEnx)*
Iny=xIn{inx)
%inym%[xmsmx)]
1dy

1 .
}er“ = (x)(;ﬂ;c—)(cosx)+ In sin x){1)

% = y[xcotx +In (sinx)]
dy . .
. = (sin x)”* [x cot x + In(sin x))

y=xmn):
lny=In{x™")
Iny=(anx)(Inx)

o d d
—Iny=—-[@nx(nx)]

1ady_nald soc?

) ={ x}(x]+(1n x){sec” x)
dy  llanx 2
w_y{w-—-x +{In x)(sec x)]
dy _ x| tADX 2
e [m———x +{In x)(sec x)]



45, y=3 -+ _{G-3'&? "
’ (2x+5)° (2x+5)

4, 2 145
ny= h{(xw3} s 1))
(2x+5)

a2
1n(x N +D

ny= 1
5 (2x+5)°
1

Iny= <[4 (x=3)+n(x* +1)~3In (2x+5)]

Lh

d 4 d
"gx“(iHY)~‘5'Ex~}ﬁ {(x-3)

+1im (x* +E)-—% %Eﬁ (2x+5)

5 dx
I S U BN N TN
ydr 5x-3 5 x*4] 5 2x+5
dy _ 4 + x 6
A \5(-3)  sGiety 50x+5)

& _[@=3'C+D "5‘
(2x+5)°

4 + 2x 6
5(x~3) 5x%+1) 5(2x+5)

_ x4l - Jc(x2 + 1)”2
T ey
x(x2 *1)512

(x+ 1>

ny= Inx-{-%ln{xz +I)~§2~In(x+])

46.

Iny=In

E—Eny=i]nx+i—d-in(x2+]}wm%~g~1n(x+l)
dx dx 2 dx 3dx

tdy t 1 1 21

S o (2X) - (]

ydx x 2x2+1{ *) 3x+1(}

& (1 x 2
E”{}%xhlw(xﬂ)]
d_wFfl x 32 }
dr e+ x 2241 3D

47. y=x 0

Iny=Ix™*
Iny=InxIhx

2 iny)=-2nx Inx)
idy 2hx
ydx  x
dyWZylnx_zx'“xlnx
& x x

‘ Section 3.9 149

48- y=x(1!lnx)
Iny=Ihx
Iny= I—n—{zl

Inx

D anyy=-L
~-ay)=—)

1/ x)

49. The line passes through (g, e*) for some value of a and has
slope m='¢%. Since the line also passes through the origin,
the slope is also given by e, elnx <x or Inx® < x, and we

a
e .
have ¢=-—, soa=1. Hence, the siope is ¢ and the
a

equation is y = ex.
50, For y=xe”, we have y = (x)(e* )+ (e*}{D) = (x + 1e", 50

the normal line through the point (a, a¢®) has slope

= — and its equation is

{a+1e*

(x - a}+ae®. The desired normal line

{a+1)e®
includes the point (0, 0), so we have;
1
(a+1De"
=t 4 ae®
(a+he

0=-— (0 a)+ ae®

— 4"
(a+1)e”

O=a

a=0or g =0

(g + e

+e% = { has no solution, so we

The equation -
(a+ e

need to use a = 0. The equation of the normal line is

- (x—0)+0e", or y=—-x.
O+1)e° oY

300

51. {a) P(O)= —re
I+

pra: =18

(b) forall positive x = ¢.

= 300-55 (14 24y
dt

i
0o @2
(2 +16)°

4800 In (2)2°

Pi(d)= =52
(2* +16y*
{c) After 4 days, the ramor will spread to 52 Stu;ents .
ay
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200
52.(a) PO)= ]
@ PO)= 0

__f{_ St y—1
(b) dt200((1+e )

= 200(- 11+ ) d (I+e )

= 200(-1Y1+ )2 (e “)( ~1)
200
T+
200>
i+ 65—4)2 -
200>

P/(5)= ——e =
(& P'(5) ey

140
53, 4 = ZGi(i)

P4y =

dt drl 2

d
P 1) T 2—!1’]40
dt

- -1/140 ¢
200 ) dz( 140)

20(2«4/140) (n 2)(_ w)

140
B (2—-!.’140 ) Gﬂ 2)
7

At ¢t =2 days, we have — 7t 5
grams/day.
This means that the rate of decay is the positive rate of
approximateiy 0.098 grams/day.

1d k1

54. (a) ——ln(kx)"“ mkwxﬂgkx = mijm_ .

d
(b) Exmln(kx)— gxm(lnkﬂnx)

d 1
=0+—Iinx=-
dx * x

58, (a) Since f(x)=2"In2,F' (=2 In2=1n2.

kA0
fm-fO) 1'1m2 -2
h r0  h

) f(0)=lim

{c) Since quantities in parts (a) and (b) are equal,

lim m =1n2.
-0 h
(d) By following the same procedure as above using

-l =In7.

g(x)= 7", we may see that fﬂ}l
o0
56. Recall that a point (g, b) is on the graph of y = ¢ if and only
if the point (b, a) is on the graph of y = Inx, Since there are
points (x, e<) on the graph of y = ¢ with arbitrarily large
x-coordinates, there will be points (x, In x) on the graph
of y = Inx with arbitrarily large y-coordinates.

57. False, Itisin (2)2°.

58. Fatse. It is 2¢**.

150

59.B. P(0)= : =3
1+

60.D. x+3>0
x>-3

6L A, y=log,,(2x-3}

62.E. y=2F

¥ =21 (2) (-1

Y2 =-2"2 1 (2)
ln (2)

y@=-=

63. (a) The graph y, is a horzontal line aty = a.
(b} The graph of y, is always & horizontal line.
a 2 3 4 5
¥y | 0.693147 [ 1.098613 1 1.386295 | 1.60943%

Ina [0.693147 | 1.0986121.386294 | 1.609438

We conclude that the graph of y, is & horizontal line at

=Ina.

d . . \ ¥y
(c) &;a =q" ifand only if y, =y—1:1,
So if y, = Ina, then —gx—a" with equal o if and only if

ma=lora=e.
d X X » I X
@ y,=—a' =a"na This will equal y, = a*
ifandonlyiflna=1, cra=e.
1
64, %(ng +k} ~x and gx—gnx+c)x%‘

Therefore, at any given value of x, these two curves will
have perpendicular tangent lines.



65. (a) Since the line passes through the origin and has slope
1, _ x
—, it§ equation sy = -,
e e
(b) The graph of y =In x lies below the graph of the line
X . X
y = — for all positive x # ¢. Therefore, Inx < —
e e
for all positive x # e.
() Multiplying bye, elnx<x or nx® <x.

(d) Exponentiating both sides of In x° < x, we have

e <e¥, orx® <e” forall positive x % e.

(&) Let x = 7 to see that #° < 2" . Therefore, €” is bigger.

CGuick Quiz Sections 3.7-3.9

g9 x*
LE y=—-2
YT
9
dy = ool e x
7 2x%
SRR INN
200)? 2

2. A dy= %({:053(3)5 -2)

dy = -9c0s® 3x~2) sin (3x—~2)

3.C dy= E%E (i~ (2x))

dy =

4. (a) Differentiate implicitly:

d., 2 3 d

i - S

o (= xTy) = (6)
1-y2+x-2yf£¥-—(3x2y+x3£ilJ=0

dy sdy 2 2
DAY e e 2 e = 3, -
xy x Xy -y

dy _3xty~y?

dx  Jxy- P
() Ifx=1theny —y=6,s0y=-2ory=3.
dy 3P~
dx 22—y
The tangent lincis y+ 2 = 2(x— 1)

2yt
At(L3), D _3@(3__)__?5“: 0.
dx 23 ~1

The tangent line is y = 3.

at(l, -2},

(c) The tangent line is vertical where 2xy ~x* = 0, which
2
impliesx=0ory= -J—Cz— There is no point on the curve
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2 2 2
where x=0. Ffy = 2, then x| — |- %] Z— |=s6.
2 2 2

Then the only solution to this equation is x = 324,

Chapter 3 Review Exercises
(pp. 181-184)

& 4 s 1o 1 e 1.1
1. dx—dx(x 8x +4x)m5x 4x»$~4
dy d 3 7 2 6

2. Z=fiae =
™ alx(a Tx"' +3x" ) =-21x" +21x

3 @l: —d—(2sinxcosx)
dx  dx
= 2(sin x)gm(cos x)+2(cos x)ﬁl—(sinx)
dx dx

=-2sin® x+2c0s% x
Alternate solution:

dy d .. d .
e e (2 < 2 e =
o d.x( SittX COS X) dxstx cos2x)(2)
= 20082x
o B _d2xtl_Qx-DR)-(x-D@)___ 4
Cdx o dx2x-1 @x—1? 2x—1?
ds d
5. £2=% —21) = —sin (1~ 2)(~2) = 2sin(l ~
i cos {1-28) = —sin (i~ 2¢}(—2) = 2sin{1~ 2£)

6. E'Ezfi—cot 2 = o502 214f2 = —csc? 2z
adt dr 1 tjdilt t 2

Tdx dx )
_1 wlfz_istfz 1 1
2 2 2\/; 25312
dy d 1 [
8. = e (x4 2x+1) ={x 23+ {(¥2x+ (L
dx dx( ) ()(2\/2,7:-4-1)() DA
LxH@x+l 3x+1
J2r+1 241
9 iii~—d—sec(2+39)—sec(1+39)taﬂ(1+39)(3)
46 de -
= 3sec(1+30) tan (1 -+ 38)
dr d 2 2
10, — = tan* (30
de 46 ( )

mzmn(s—e%fams—ez)
= 2tan(3—8°%) sec? (3 0%)(—20)
= —4@tan(3-6%) sec? (3 67)
1L 5@1=i(x2 csc5x)
de dx
= (x2 ) (~ cse 5x 0ot 5x)(5) + (ese Sx) (2x)
= —5x2 cseSxcotSx +2xcscSx
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dy d 1 4 (x2+1)(2)‘)(2x1n2+2)—2x2(2")
12. Lnfi = iy = x>0 =
dx  dx Jx dx \[; gJ_ 2 RN
2 2
& d 1 x (229 +H a2+ D - 27
13, —=———In tte*ys————(lte") = =
I { ) l%exdx( e) o P
&_d, 2290 2+ +x2+1-x%)
14. e d xe™ )= (e W=D+ XD =—xe”" FeT - (x2+1)3’2
2+ 29 2+ xn2+1)
15. —@mxi( 1+l”)-~“cz"{e‘f.’l‘“‘)=£[—{ex)'—‘f-’ = 2L M2
dx  dx dx dx (x"+1)
16, ﬂ-}i d d | in) = 1 —"—(smx)*' o8 x:cot,x, for values Alternate solution, LLSing logarithmic differentiation:
dr dx sinx dx sinx y= (2x0)2
of x in the intervals (kze, (k+ D), where kis even. ,fxz +1
dr 1 4 Iy = (2x)+ 2% - Invx +1
17. ——————in(cos X} e e GOST X 1
dx  dx cos™ x dx 1ny=1n2+1nx+xi:12—§1n(x2+1)
1 1 1 d da i 3
= - = - ~—Iny=-—Mn2+nx+n2-=nx"+1
COSM]J‘( \/waz] cos“imfl—)c2 dx 7 dxﬂn * 2 D)
iiz?’-me+i+1n2—~l LI
18. =2 10g, 0 4 gry=20 . 2 ydx 2yt 41
2 2
2646 "o mzde P2 Oin2 dy _ (hmw 1
X x4
ds d 1 1
19 =———l i N —— - e kY
e A Y a’r( = hms iil=i2x—)—2-(_+1n2—m2-’fm)
t>7 A i erlx x"+1
ds - dy d I ~id oz
20, -~ 8 ym g 8——3—8’1118 AL L Ty b
A dt( "y=8"(n §)—(-1) zs.dxwd.xe =g dxtan x= T
21. Use logarithmic differentiation, 4
= 24 Do d g 122
Y \ du dx
Iny=In(x"} 1 d
Iny={nx){nx) = p—— 1-u?
d, d. 5 Ji-(1-a2 )y
dxmyw?d;(m)o e ! 1 { 2u} s
= i (~2u)y=
i%mzmxi—mx Ji 2= uN1-u?
y
dy 2yhlx d
PSP A 3 d -1 1
25, — |t t—-nt
d x dt dr( e 21“)
ﬂ_2x“1ﬁx 1
dx x =)y opEss L gee” (1
(}(]t[mJ ( HD
2, dy d (2x)2x ¢ —
= e f
v dx +1 Ve -1
2 X X d 2
Nx* 1) (222" |- 2xX25 ) —x* +1
" dx{ ] dx 26. —QWW[(;M Yot~ 21]
Y drdt .
W fenenmn+ oo ]-eaen @ “““2)(““(2:)2)qu 0@
_ 29x° 41 5428 ‘
= +
x+1 =2 oreott

1+ 4

SN
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-u——(zcos z——\/l—— ) dy -1, Ogx<m, x¢£
Therefore, —= %n’
& pex<om xeil

i <
= (z)[“ @J+{cos"' zX1) - 5 11_22 {(~27) kN . 2

Note that the derivative exists at O and 27 only because

+ cos™ 2 4 these are the endpoints of the given domain; the two-sided
V vl derivative of y = esc™ (sec x) does not exist at these points.
=cos™ z
| 30, 4 _d (150
-a‘—"@\! ~Tese™ Vx) 48 e\ 1-cosd
1 1 ( T sin® ) (1= cosB)cos ) — (1 +sin B)(sin 6))
= (nfe 1y} =2
=(2x I){ W;I{J;)g m})(z\[;J 1—-cos8 (chose)z
1 1 = F+sing )| cos# - cos? @—sin@ —sin® 8
+(2esc JE)( x_I] 1—cos@ (1-cos)”

x=1 . osc '\/— =2(1+sin9) cos8 - sinf -~ |
NN BN 1-cos® )\ (1-cos8)?

1 cscle.;

e e 31. Since y = Inx” is defined for all
X x-1 .
dy 2x 2
x#0 and ————(x ) = —— = —, the function is
<2 2
, @ -El-csc (secx) dx dx o
de  dx differentiable for all x # 0,
(sec x) 32. Since y = sin x ~ x cos x is defined for all real x and
*[seca|voocx—1 \/ dy . . -
— = cosx— (x){—sinx) ~ (cos xX1) = xsin x, the function is
secx tanx dx .

]&:c xl . "tan 1—1 differentiable for ali real x.

= fEE fl"" f 1l x <1and
- 33. Since y = is defined forafl x <1 an
jseo.x tan x| e
1 sinx

ey simx dy 1+ N=D-(-x)2x)
- 1 snx| 'sinx[ dx ZJ_I_W__% 1+ 2y

COS X COSX 1+ x

G Lozl which is defined only forx <1
-1, 05X<R’, x#a Zm(l.!_xz)g/za -

= 3 the function is differentiable for ali x < 1.

1, ”<x52”’. x:&—z— 5
34, Since y = (2x~7) " (x 4+ 5) = ii—-m is defined for all
Alternate method: 2x—
7 a’y Cx-TD-(x+ 5)(2) 17
: 4 3 X # - and -2 = ,
On theéomamOSxSZE,x#—2—,x¢—§l—,wemay D) dr (2x—12 (2x—T)°

the function is differentiable forall x = :2{

rewrite the firnction as folows:
y= csc (see x)

- mg_ sec™ (sec x) 35, Use implicit differentiation.
T . Xy 2x+3y=1
=08 (COS X) dy d d d
2 (V) + e (22) - (3Y) = — (1
- - dx(xy) dx( x) dx( ¥) dx{)
———X, dsxsm, x#— d dy
=42 2 A (ND+2432 =0
- T 3 dx dx
(= x), H<XS27, x#— dy
2 2 G3)—==0+2)
Ew-x, 0sx=sm, x:;év{cm ﬁiz m2’_+?_
-J2 3? dx x+3
erE—(;var+x), n<xs2n, x;t——?g
2 2
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36. Use implicit differentiation.
5x%3 +10y6’5 —15

4 (s5x¥5y4 4 (10y‘”5)~v~ £.a5)

dx
4 w35 +12y1."5 y =0
dx

37. Using implicit differentiation.
Jry = 1

d
o %y—w(l)

on]

Alternate method;

38. Use implicit differentiation.
2 _ X
x+1

4. d x
de’ T dxx+l

dy (x+ XD - (XD
(x4+1°
&y 1
dx  2y(x+1y

-t

%

39. x3 +y =1

e )w%m

3x2 +3yy 0

—~—(x3)+

P20~ X200

2

x}
)’2

(yz)(zx)—uzxz;v)(w»—

207 2"

B 2x(x* +v%)

since x> +y* =1

y4

G f © (" Xy )+ ()20

= 2
(x y)2 [(x )( }')+ xy]

.._.__..1 —

41. Y +y=2cosx
gx-(y3)+ %(y) = %(Zcosx)
39y 4y =—2sinx
(3y* +1)y’ = -2sinx
,_  2sinx
T3yl
o_d (ﬁ 2sinx J
- 3y? +1

N (3y* + 1)(2cos x) ~ (2sin x){6yy")

Gy +1?
3y + ) (2c0sx) ~(12y sin x)
_2sinx
3y? +1
(3y +1y?
(3y +1)? cosx+12ysm x
@y +1°




4. x‘” +y' =4

( 1”)“,

I w1 1 ywzfsyfuﬁ

3 3

(xl!3)+

)
= nERON

2
2 _ . o
w—gxmy W3y SR o2y
2 a2 s
o +Zx :
307 TR
43,y =2x"-3x-1,
yll = 6x2 -3,
y.mm 12x,

¥ =12, and the rest are all zero,
4

p
a4 y =2,
iy
3

¥ ”"”“—63

2
X
5 mmm
rE
@ oy

) =1, and the rest are all zero.

45. dy d\/x 2 = e (2 — 2 = L
\n‘xzw~2x Vx-2x
Atx=3, we have y=+/37 —2(3) =3
dy 31 2

and =it = 2
& 323 B

y

(a) Tangent: y=—\/2§(x—-3)+s/§ 0ry=72_§x—s/§
3 SEOENE)

(b} Normal: y=ww§-(x-3)+\/§ oryu——2_x+ 5

Chapter 3 Review

46. % = %(4 +cotx—2cscx)
=—csc? x+20scxeotx

At x= -;E, we have
y=4+oot~g»-—2(:sc§:=4+0—2=2and

dy 2 T K
— 2 t P P .
=8 3 + v;:sc——2 co ) = ~1+2(D{0)=-1

(a) Tangent: y=—-1(x—-zr2—J+2 orymwx+12£+2

(b) Normal: y=—-1(x—§)+2 oryzx-—~g~+2

47. Use impilicit differentiation.
429" =9
d. a2, d 4 d
—(x*)+—(2y" ) =~(9
- Al ) =®

11
Slope at (1, 2): —~ec 2 —
ope at (L, 2): ~5 5=

1 1 9
a) Tangent: y=——{x-1D+2 iy
(a) Tang ¥ { +2ory x

(b) Normal: y=4d{x—D+20ry=4x-2

48, Use implicit differentiation.
x+ \/5 =6
d d d
() =)

el gom]-

X dy_ Y
2yd 2y
dy_ 0w IR
dr x 24
=._2\/£_1
X X
1 121 5
Slope at (4, 1% —2,|~ - = =& ot =3
ope at (4 1: \[ 4 24 4

5
(a) Tangent: y=—z(x—4)+l or y=-§~»x+6

(b} Normal: y"—f's"(x 4)+iory—--§x—3:§1

155
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49, —

50,

51.

52, —=

dy

_dt . ~2 807 casint L
dx dx 2cosz

dt

At r:%?, wehavexz2sh1§f=x/§,

3 dy 3w
=2c08— = —2, and ~~ = ~tan—
y = 2C08 2 \[“ an

The equation of the tangent line is

yzl(xwx/—i)+{-\/5), ory=x——2\/§.

&
E{X:ﬁLm 4c0.st =__400{f
dx  dx  =3sint 3

dr
Att—3 ,we have x = 3003273:,3’@’
4 4 2
4 3r 4

. 3n dy
= 4gin—— =22, and ~= = cot =
y=asmny V2 A 373

The equation of the tangent line is

y:»i;( 3\F}+2«[2M ory-mxnwl\/—

&
dy g Ssec’t  Swect S
dx dx  3secttanr 3tan:  3sint
dr

At 1= %,we have x = 3860%"—“— 2\/3:

r 3 dy 5 10

y=Stan s =220 and Fo D

6 37 & 3sin| =
6
The eqaation of the tangent line is

y-w( w2\/—)|-§£ ory———x——Sxfg.

dy
dy _ gy _ l+cost
dx dx —sin¢
dr ‘
Atzzz—ﬁ,wehavex=cos L =~«\@5
4 4; 2
bia T 2
e e e e B E R e d
y S‘“( 4) i
1+cos[—~})- 1 }_IZ
_sm(_if) V2
4 2

The equation of the tangent line is

y=(\/5+i)(x—~[%}«£mw2w, or

y=(i~h\/§}xwﬁwiw-§-.

This is approximately y = 2.414x—3.200.

53.{a)
AN

[-1, 3] by [-1, 5/3]

(b) Yes, because both of the one-sided limits as x — 1 are
equal to f(1)=1.

() No, because the left-hand derivative at x=11is +1 and
the right-hand derivative at x =1is -~ 1.

54. (a) The function is continuous for all values of m, because
the right-hand limit as x — Q is equatto ()= 0 for
any value of m.
(b) The left-hand derivative at x = 0 is 2cos(2e () = 2, and
the right-hand derivative at x = 0 is m, so in order for
. the function to be differentiable at x = 0, m must

be 2, _
55. (ayForall x# 0 (b)Atx=0
(c) Nowhere
56. (a) For all x {b) Nowhere

(¢) Nowhere

57. Note that im f{x}= lim (2x—3)=-3and
20" x=>0"

lim f(x}= lim (x~3)=-3. Since these values agree with
x-30" x50

F0), the function is continucus at x.= 0. On the other hand,

-1sx<0 e .
Fx)= {E 0<rza * % the derivative is undefined at

x=0.
(@) [1,0) 40, 41 (byAtx=0
(¢} Nowhere in its domain
58, Note that the function is undefined at x = 0.
{a) [, U0, 2] (b)) Nowhere

(¢) Nowhere in its domain

59, y
2_
/-\o-wwoy#'(x)
R
M O
3

."/__?\\

Y

Pl



60. ¥

y=f1x

61. (a) iii (b)i
eyl

62. The graph passes through (0, 5) and has slope -2 for x <2
and slope ~0.5 forx > 2.

63. The graph passes through (-1, 2) and has slope -2 forx < 1,
slope Ifor < x < 4, and slope ~1 for4 < x < 6.
¥
7

LA N T N R B3

64. iIf f(x)m—z?gxm +9, then f’(x)w%xm and

F7(xy= x'® which matches the given equation.

22 J) 9 3 1" 3 413 :

i If f/(x)=-—=x""~2, then f"(x)=~—x"", which
28 4

contradicts the given equation f”(x)= x"

il If £/(x) = g—x““ +6, then f7(x)=x"3, which matches

the given equation.

iv. Iff(x) = -j—.x‘ﬁz _4’ then f’(X) = xllB and

fr(x)= —.f;x“m, which contradicts the given eguation

()= M
Answer is D i and iii only could be true. Note, however
that i and iii could not simultaneously be true.
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65. (a)

[ %
[-1, 3} by [-10,80]

(b) ¢ interval avg. vel
[0,0.5] 38-10
05-0
58-38

0.5,1 40
[0:3, 11 1-0.5
[1,1.5] 70-58
1.5-1
1.5, 2 7470
2-1.5

2,250 70-74
25-2

[2.5,3] BN
325
38-58

3,35 S A
S 35-3
1038

35,4 -56
(3.5.4] 4-35

™

.
™~

[-4, 5] by [-80, 801
(d} Average velocity is a good approximation 1o velocity.

w

66.@ 3 [V = Vrf 0 e
Atx =1, the derivative is

ity —— ey =1] Lls .13
Jifray+ 2\/im)""1(5) ( ]( -3) .

10
d £
) —JF(x) = Flx)=
dx ZJf( ) 237G
At x =0, the derivative is —ier f (0) 2 -ww~1~
20 2o
Ao pfmd o )
(c)dxf{\/;)—f(wf;)dx«/;m e

Atx =1, the derivative is mm o= == 10.

f(f JR0)
2

) —

(@) ?jx"" f(l=5tanx)= f(1 - Stanx}~5sec? x)
At x =0, the derivative is

F/(1-5tan0X=5sec? 0) = £/(I)-5) = [é«](——S) =-1
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66. Continued
@ L0 _@rcosxXf ")~ {(f o sin x)
dx 24 cosx (2+c08x)°

At x = 0, the derivative is

(2+cos0X O~ (fON=sin®} _377(0) _ 2

(2+cos0)? 32 3

405l ) 2
® dx[IOSm[ 5 Jf (x]]

= Eo(sin -’%’5)(2 FEOF ) +102 (x)(cos H){

2
=20 f(x) f'(x)sinfif +57f? (x)cosigE
At x=1, the derivative is

20£NF(1) sin%-&- 5201 cesg«

= 20(-3)(-;](1)4- 57(~3Y*(0)
=-12.

67. @) {370 - )] =3F - g'®)

At x =1, the derivative is
3 (-D-g (- =32)-1=5.

® £ g w]

= f2(x) » 387 (x)g () + (%) » 2F (O F(X)
= (087 (1) [3F(0)8 () + 28(0)f (%) ]

At x =0, the derivative is

FOE O [3£(0)g'(0)+22(0)f/(0) ]

= (D37 [3¢-D)+ 2(-3)(-2) |
=-9[-12+12]=0.

S

2 gD =g NS

At x = —1, the derivative is

gUEDf =g (0)f (-1)=(4X2) = 8.

(¢

St

G

S

2 fgtn=£(stxg')

At x=-1, the derivative is

-’ D= f/(-Dg'~-D=(2X=2
a4 _fe _(ex)+2)f (%)~ f(x)g"(x)
dx g(x)+2 (g()+2)°

At x =0, the derivative is

e

S’

O+ f(0) - fOO0) _ (-3+2)-2)~(~1X4)

68, L _dwdr 4 - 2)]3[3@[”5}}
e ds

(g(0y+2) (-3+2)
= 6.

® %g(mﬁx»: g'<x+f<x»7j;(x+f(x>}

= g'(x+ flaD {1+ f1(x) :
At x =0, the derivative is g’(0+ F(ON[1-+ (O}
= g'(0=-Dit+{-2]= DD =~1

ds drds d 6

= [cos(\/F - 2);%]{3cos(s+ %H

Ats=0, we haver=8sin(o+%]:4 and 5o

-

(e

69. Solving 6%t +8=1 for ¢, we have

tw—i-:zﬁ=9“2—9“i,andwemaywﬂte:
o
ar_dra
de gtd@
d oo aan_drd o g
2 D a0

1 0, -2 dr -3, g2

-8 +7 20)=| — {(~267 +6

3( Y26 ( 7 { )

dr_ 200" +7°  20° (9 47y

dt =207 +67) 30-2

Al t=0, we may solve 9% +8=1to obtain G=1,

g"’: B 2(1)4 (12 +7)-—21‘3 B 2(8)“2"3 _ —E
di T AI-2) -3 6

and so

70. (a) One possible answer:

()= 10cos(:+;’£-} y()=1

(b) 5(0)= 10c0s3§: =52

(¢) Farthest left:
When cos[t+ g—) = -1, we have s(¢) = -10.
Farthest right:
When cos(t + %] =1, we have s(Y=10.

R



70, Continuned

(d) Since cos—g- = 0, the particle first reaches the origin at
t= e The velocity is given by v(t) =10 sm(H ;1—]
so the velocity at = 7 is— EOsm—i =-10, and the specd
at 1= %is[-—lO] =10, The acceleration is given by
a(t)=—-10cos [t + -:E], so the acceleration at
;;E is wIO(:osE:O.

4 2

71, (@) LS EL(M;_ 1627 )= 64 —32¢
dt  dt

s

d
= (64— 326 =32
dr dt(’ )

(b} The maximum height is reached when%s— =, which
t

ocenrs al £ =72 sec.,
{c) When r=0, g% =64, so the velocity is 64 fi/fsec.

(d) Since g% = %{64: - 2.6t2) =64 —35.21, the maximum

height is reached at ¢t = gﬁ% = 12.3sec. The maximum
‘o 64
height e 22 3938 1.
eight is 3(5.2]
72. (a) Solving 160 = 490 2, it takes i;:, sec. The average
velocity is 129 = 280 cmy/sec.
(b) Since v(}) = — = 980¢, the velocity is (980) ( J 560

cm/sec. Since a{f) = %\i =080, the acceleration is
H

980 cm / sec” .

v _d Al el 2_ 1.
73, T dxl: (10 3)x }—dx[rr(l()x 3x ]}

= (20x - x%)

Chapter 3 Review 159

2
X 3 2 1 3
74, = G | X=X X e
(@) r(x) ( 40} TEATT 600
(b) The marginal revenue is

33,
9-Zexesx
re= ¥ 1600

3 _(x? ~160x+4800)

- 16(}0

0¥ 12
iﬁOO(x Yo =120),

which is zero when x = 40 or x =120. Since the bus
holds only 60 people, we require 0 £ x < 60. The
marginal revenue is O when there are 40 people, and the

corresponding fare is p(40) = (3— 3%) = $4.00.

(¢} One possible answer:
I the current ridership is less than 40, then the proposed
plan may be good. If the current ridership is greater than
or equal to 40, then the plan is not a good idea. Look at
the graph of y = r{x).

o

{0, 60] by [-58, 2003

75. {a) Since x = tan 8, we have
23
dr

< dx )
B=0 anda— =~0.6sec” 0 = —0.6 km/sec.

= (sec 215?)»——»*06%(: 6. At point A, we have

60sec 18

1ad 1 revolution .
=« revolutions per
T

(b) 0.6 — R
sec 27 rad 1min
minute or approximately 5.73 revolutions per minute.

76, Let f(x) =sin{x-sinx) Then

F(x) =cos(x—sinx) ?j; (x —sinx}

= cos{x — sin x) {1 cos x). This derivative is zero when
cos(x—sinx) = 0 {which we need not solve) or

- when cos x = I, which occurs at x = 2k for integers k. For
each of these values, f(x)=f(2kn) = sin(2kn — sin 2kn) =
sin (Zknw —0) = 0. Thus, f(x)= f'(x)}= 0 forx = 2knx,
which means that the graph has a horizontal tangent at each
of these values of x.
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78.

9.

1 [T)amy 1 [T

2r\md Jdrid 2121 Vmd
il 1 [1 AT I

fa)=4 LIT | L L]y

¥(d) dd( A ?rd) (274\/; )

. 1
)= L E L ARES
y(T)“dT(zrz ndJ [m zrd]dt(ﬁ)

1 1 1 1
24 \/;( T ) 4rkfndT
Since y'(r} < 0,y (1) < 0, and y'{(d) < 0, increasing r, 1, or
d would decrease the frequency. Since ¥'(T) > 0, increasing
T would increase the frequency.

RENERIIE . /_T_
2V rd farlr 22\ wd

(a) PO)= “%993“ = | student
t+e
(b) lim P(¢)=lim Fwe 299" = 200 students
hedeo oo § @™t i

(€) P'(t)= —:;;200(1 +ey!

= 120001+ &> 2 (5 X-1)

_ 200>

T et

145 (2006 ) (- 1)—

(2006> )21+ ) () (=)
(14

_ @+e¥TY=200>1)+ 400 )

B (1+e5y

O Cl

T sy

P”a) =

Since P” = ( whent =5, the critical point of

y=P’{ty occurs at r = 3. To confirm that this corresponds
to the maximum value of P/(¢), note that

P?(t)>0fort <5 and P7{(£) < 0 fort > 5. The maximum
rate gecurs at ¢ =5, and this rate is '

200% 200
P{5)= ——— + — = 50 students per day.
A+ 22

Note: This problem can also be solved graphically.

A A A
AT 7

{~m, 7] by [-4, 4]

@) x= k%, where k is an odd integer

T
® [‘?"5]

{c) Where it’s not defined, at x = k% , k an odd integer

{d) It has period -725 and continues to repeat the pattern seen

in this window.
80. Use implicit differentiation.

x—yt=1
d ., d, . d
A, e =__1
dx(x) dx(y) dx{)
2x-2yy' =0
yaEL X
2y oy
n_dx
¥ .

(since the given equation is x>~y =1)

dzy 1
At (2! '\[5}9 ";d;'{:m
s _dos
81.(a) v()= = d:(f 2t+3)
W) =3 -2
® =L ooy
Tt dt
alt) = 6t
)= ~2=0

32

&ls}wlm&[&w!w

e
e

-

I
w| &

~
o
It

#

NES

fi

(@) v()=3*-2<0
<2
J6

t<—,andr>0
3 .

V6

Q<p
3

1

1

SN



81, Continued
©) v()=3*-2>0
3 >2
J6

o e
2

82, (a) wiiwe“ = g* gﬁwhem e x
dx dx

_ci_e'”-!-.e"")r et —e™
& 2 2
®) mgwexwe"x e e
a2 2
ol —1
© y0=5E5 —1543
1
yh=5"2 =175

y=1175{x-1)+1.543
y=1175x+0.368

y=-0.851(x~1}+1.543
y=-0.851x+2.394

eF—e*
e ,=0=
() ¥ 5
O=¢* ~¢
ef me™

x=—x or x=0

83.(a) 1-x? >0

2ol -l<x<l

by f/(x) = -LIn(1 - %) pmle i
dx
iln(u)mlgﬁ g‘fim—2x
dx u dx dx
_ -2x
(1~x%)

©1-x*>0, ~1<x<t

1 “26] 1
@ y’(§J=——W1-2—=~§/—4=—4/3
-3)
Chapter 4
Applications of Derivatives

Section 4.1 Extreme Values of Functions
{pp. 187-1956)

Exploration 1 Finding Extreme Values

1. From the graph we can see that there are three critical
points: x =~1, 0, 1.

Section4.1 %61

Critical point values: f{~1}=0.3, f(0)=0, f(1)=0.5
Endpoint values: f{-2}=04, f(2)=04
Thus f has absolute maximum value of 0.5 at x = -1 and

x =1, absolute minimum vatue of 0 at x = 0, and local
minimum value of 04 at x=-2 and x = 2,

]

{"23 2} by [—_ 19 1]

2. The graph of f* has zeros at x =1 and x = | where the
graph of f has local extreme values. The graph of f7 is not
defined at x = 0, another extreme value of the graph of f,

=

(-2, by {-L 1

—

3, Using the chain rule and mcwiw(lx!) = m, we-find
dx x

d b, =2
dx x  (xPap?

Quick Review 4.1
-1

1 d
L fl(x) s o e (4 X)) = e
£ 24— x dx( g 24 - x

2 f’(x):%Z(waz)"m =92, %(9-—x2)

= 2332 o 2x
=—(Q - x*) (wzx)WW
3. g'(x)y=—sin (nx) 4 1y 2005
dx X

4 W (x)=e> . gw2x =2¢%
dx
5. Graph (c), since this is the only graph that has positive
slope at c.

6. Graph (b}, since this is the only graph that represents a
differentiable function at @ and b and has negative
slope at ¢,

7. Graph (d}, since this is the only graph representing a
function that is differentiable at b but pot at a.

8. Graph (a}, since this is the only graph that represents a
function that is not differentiable at ¢ or b.

9, Asx~+ 3, V9—x% — 0", Therefore, lin31 F(x)=oo.
x~33"

106, Asx — 3", Y9—x* — 0. Therefore, iirr;+f(x) = oo,
P,



162 Section 4.1

11 (a) gx_(f —2x)=3x" =2
=317 -2=1

(b) i—(x +2)=1
3=l
(¢} Left-hand derivative:
3
lim FC+h)-f(2) - lm [(24-hY - 202+Rh}}~4
B30~ h [ h
. B+6KH+10h
e h
= lim (h* +6h+10)
[t
=10
Right-hand derivative:
i LR F2) o (24214

R0 k A0 h
T
T k0t B
= lim 1
k-0t
=1
Since the left-and right-hand derivatives are not equal,
£7(2) is underfined.

12. (a) The domain is x s 2. (See the solution for 11.(c)).

-2, x<2
x>2

2
) 0= {f*’

Sectiomn 4.1 Exercises
1. Minima at (~2, 0) and (2, 0), maximum at (0, 2}
2. Local minimum at (—1, 0}, local maximum at (1, 0}

3. Maximum at (0, 5) Note that there is no minimum since the
" endpoint (2, 0) is excluded from the graph.

4. Local maximum at (-3, 0), local minimum at (2, 0},
maximum at {1, 2), minimurmn at {0, 1)

5, Maximum at x = b, minimum at x = ¢, ;
The Extreme Value Theorem applies because f is continuous
on {a, b}, so both the maximum and minimum exist.

6. Maximum at x = ¢, minimum at x = &;
The Extreme Value Theorem applies because f is continuous
on [a, b}, 50 both the maximum and minimum exist.

7. Maximum at x = ¢, no mininmum; .
The Extreme Value Theorem does not apply, because the
function is not defined on a closed interval.

8. No maximum, no minimurm;
The Extreme Value Theorem does not apply, because the
function is not continuous or defined on a'closed interval.

9, Maximum at x = ¢, minimum at x = g;
The Extreme Value Theorem does not apply, because the
function is not continuous,

10; Maximum at x = g, minimum at x = ¢;
The Extreme Value Theorem does not apply since the
function is not continuous.

11. The first derivative f/(x) = _Lz + 1 hasazeroatx=1.
X X

Critical point valpe: f(I)=1+Inl=1
Endpoint valnes: f(0.3)=2+m1n0.5=~1.307

f(4)m%+ln4=1.636

Maximum value is ?i-+ Ind atx=4;

minimum valueis latx=1;

{ocal maximum at (—;—, 2— 1n2]

12. The first derivative g’(x) = —e™ has no zeros, so we need
only consider the endpoints.

gh=cV=e ghy=e =t
e
Maximum value is e at x = ~1;

. !
minimum value is —atx =1.
e

13. The first derivative i'(x) = w% has no zeros, so we need
X

only consider the endpoints.

MO =lnl=0  h(3)=In4
Maximum value isIn4 atx = 3;
minimum value is Qatx=0.

14. The first derivative k'(x) = ~2x¢™* " has a zero at x = 0.

Since the domain has no endpoints, any extreme value must

ocecur at x=0. Since k(0) = 6'02 =1and Im k{x)=0,the

Xwphos

maximum value is 1 at x = Q.

15. The first derivative f/(x) = cos[x + »Z»«) has zeros

b4 5x
at x s — X
4 4
Critical point values: x = -:-:— Flxy=1
2=2 fy=-1
. 1
Endpoint values: x=0 Fx)=—
V2
Tie
o - 0
*=7 f(x)

. ; T
Maximum value is 1 at x = z;

- . S
minimum value is ~1 at x =—;
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