67, Let C = circumierence, r= radius, § = surface area, and
V= volume.

{a) Since C = 27zr, we have 52?— =27 and 50 dC = 27 dr.
i

dr
—] <
r

G.dcm

10cm

ac

2ndr
2y

=0.04 The

Therefore,

calculated radius will be within approximately 4% of
the correct radius.

{b) Since § = 4nr2, we have E'E = 8mr and so

dr
dS = 8xr dr. Therefore,
8| _|Brrdr_2dr) o0.04)=0.08. The
S 47r? r

caleualated surface area will be within approximately 8%
of the correct surface area.

dv
3 wehave —— = 477" and so

{c) Since V= i?'cr
3 dr

dV =dmr?® dr. Therefore

anr® dr
Wil = =80 £3(0.04) = 0.12.
Vv oy
3

The calculated volume will be within approximately
12% of the correct volume,

a+ 20

68, By similar triangles, we have % e , which gives

ah=6a+120,0r h =6+120a"" The height of the lamp

post is approximately 6+ 120(15)”" = 14 ft. The estimated
error in measuring g was

tda, <lin = -1— ft. Since ﬁm—lZOan, we have
1 da

ldh]=iw120a“2da'$120(15)”2 112 fsothe
12} 45

estimated possible error is i~2— ftor £ L3 in.
45 15

a . . .
69, —;‘% = 2 sin x cos x — 3. Since sin x and cos x are both
between land 1, the value of 2 sin x cos x is never greater

than 2. Therefore, gi— £2 - 3=-1 for all values of x.

. dy . . .
Since ﬁ is always negative, the function decreases on

every interval.
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0. (a) { has a relative maximum at x = ~2. This is where
F(x)=0, causing F’ to go from positive to negative.

(b) fhas a relative minimum at x = (. This is where
f(x)=0, causing f’ to go from negative 1o positive.

(c) The graph of fis concave up on (~1, I} and on (2, 3).
These are the intervals on which the derivatives of fare
increasing.

(@) ¥

-3 3

T (8) A=7r’

ET{-ﬁ-—=27.:mlr
dt
)

%zzn(g) l __;ﬂﬂ_lf‘.;

dt 3] 3 sec
b) dA=dV

A =L

3 3

irz:in(?,)zdh

3 3

dh_in.

dr SeC

72.(a) 2a+4b=60
b=15-2a
V=na’b=na (15~ 2a)
z
ﬂ =307a— 3na
da 2

3ma®

ra=

_ a=20

20200+ 4b =60
b=5

(b) The sign graph for the derivative %K = %E(ZO —a) on
. da

the interval (0,30) is as follows:

| ] |
I i [

0 26 30

By the First Derivative Test, there is a maximum at
x =20,
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Chapter b
The Definite Integral

Section 5.1 Estimating with Finite Sums
{pp. 263-273)

Exploration 1 Which RAM is the
Biggest?

1.

MRAM > RRAM > LRAM

3. RRAM > MRAM > LRAM, because the heights of the

rectangles increase as you move toward the right under an

increasing function.

19. 70 times/sec

4, LRAM > MRAM > RRAM, because the heights of the -
rectangles decrease as you move toward the right under a
decreasing function.

Quick Review 5.7

1. 80 mph »+ 5hr =400 mi
2. 48 mph « 3hr =144 mi

3, 10 fifsec® » 10 sec = 100 fifsec

_lmi 3600 sec
5280 1h

3600sec 24 hr . 365 days
Thr 1day tyr

100 fifsec

= 68.18 mph

4. 300,000 km /sec»

olyr

=9.46x10° km
5. (6 mph)(3 h)+ (5 mph)(2 ) =18 mi+10 mi = 28 mi

6. 20 galimin» L h o 60;;““ =1200 gal
7. (-1°Ch)I2 )+ (15°C) 6 hy=~3°C

| 3600sec 24k
1h  1day

9. 350 people/mi® » 50 mi® = 17,500 people

8. 300 £3/sec

« 1day = 25,920,000 &

3620 X0 11« 0.7=176,400 times

Section 5.1 Exercises

1. Since w(f) = 5 is a strait line, compute the area under the
curve.

x={vty=(4) (5) 20

2, Since v{f) = 21 + 1 creates a trapezoid with the x-axis,
compute the area of the curve under the trapezoid.
A= ﬁ(a +b)

0=v0)=2(0) +1=1
4 v{4)=2(dH)+1=9

H

4
fjr—(9~H) 20

i

=
b
h
A

3. Each rectangie has base 1. The height of each rectangle is
Found by using the points ¢ = (0.5, 1.5, 2.5, 3.5) in the
equation W) 12 +1., The area under the curve is

20 33
approximately 1(% + _1_5_ + g + 7 } 25, 5o the particle is

close to x = 23,

4. Each rectangle has base 1. The height of each rectanglé is

found by using the points y= (0.5, 1.5, 2.5,3.5, 4.5} in the
equation v(t) = £2 + 1. The area under the curve is
13 29 53 85

5 .
tely 1 — 4=+ = +— |=46.25,50 th
approximately (4 Ttat Tt ) so the

particle is close to x = 46.23.



5. (a) y

(b) ¥

Av=1
2

9

6. (a)

RRAM: [z[é‘)z‘(éﬂ[é]+zz<n—(nz](%)
*{ZGH%) }(%]ﬂz(z)w{z)-’-](é]m%:1.25

by ¥

9.

10.

Section 5.1
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H LRAM, MRAM,, RRAM,
10 1.32 1.34 1.32
50 - L3328 1.3336 1.3328
100 1.3332 1.3334 1.3332
500 1.333328 1.333336 1.333328
8. The area is 1.333= g
R LRAM, MRAM,, RRAM,,
16 12.645 13.4775 14.445
50 13.3218 13.499] 13.6818
106 13.41045 13.499775 13.59045
500 13.482018 13.499991 13.518018
Estimate the area to be 13.5.
n LRAM, MRAM, RRAM,
10 1.16823 1.09714 103490
30 1.11206 1.09855 1.08540
100 110531 1.09860 1.09198
500 1.09995 1.09861 1.09728
1000 106628 1.69861 1.09795

Estimate the area to be 1.0936.
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11. n LRAM, MRAM, RRAM,,
10 0.98001 0.88220 . 0.78367
50 0.90171 0.88209 0.86244
100 0.89190 0.88208 0.87226
500 0.88404 0.88208. | 0.88012
1000 0.88306 |- 088208 | . 088110
Estimate the area to be 0.8821, R
12 n LRAM, MRAM, RRAM,
10 1.98352 2.00825 1.98352
50 1.99934 2.00033 1.99934
100 1.99984 2.00008 1.99984
500 1.99999 2.00000 1.99999

Estimate the area to be 2.

13. Use f(x) = y25~x? and approximate the volume using

mr¥h = m(\{25—n?)* Ax, so for the MRAM program, use
m(25~ x%) on the intervai[-5,5 .

n MRAM

10 | 52621677
20 | 52425327
40 | 52376240
80 | 523.63968
160 | 523.60900

4. V= %mf = 5925 ~523.50878
n error % error
10 2.61799 0.5

20 | 0.65450 0.125
40 | 0.16362 0.0312
80 1 0.04091 0.0078
160 | 001023 | 0.0020

15, LRAM:
Atea
= f(2e 24 f(A)e 24 F(B)+ 24+ f(22)2
=2+{0+0.6+1.4+.+0.5)
=44.8 (mg/fl.) = sec
RRAM:
Area
= f(4)e 24 f(B)o 24+ F(8) 2+ +f(24) *2
=2(0.6+1.4+27+-+0
= 44.8 (mg/L)« sec
Patient's candiac output:

5 mg . 60 sec

44.8 Gmg/L)esec Imin
Note that estirnates for the area may vary.

= 6.7 L/min

16, (2) LRAM:1+(0+12422410+5+13+114+6
+2+6)=87in.=725%

(b} RRAM: 1+(12+22+10+5+13+11+6+2
+6+0)=87m.'='7,25ﬁ- e
17,5 min=300sec
(a) LRAM: 300+ (1412417 ++-+1.2) = 5220m
{b) RRAM: 300« (1.2+1.742.0+-++0)=4920m
18. LRAM: 10+ (0+44 +15+---430) = 3490 &

RRAM: 100 (44 + 154354+ 35)= 3840 &

Average = éf%f“;—ﬂg = 3665t

19, (a) LRAM: 0.001Q0+40+62+--+137)=0.898 mi
RRAM: 0.001(40+62+82++--+142)=1.04 mi
Average = 0.969 mi

(b} The halfway point is (.4845 mdi. The average of LRAM
and RRAM is 0.4460 at 0.006 h and 0.5665 at 0.007 h.
Estimate that it took 0.006 h = 21.6 sec. The car was
going 116 mph.

20. (a) Use LRAM with 7(16 — x*).
Sy = 146.08406

S; is an overestimate becausc each rectangle i3 below
the curve.

(b)! S =0.00=9%

21. (a) Use RRAM with n(lﬁw =

8y = 12095132

Sy is an underestimate because each rectangle is below
the curve.

V-5
(b) bl 22 0,10 = 10%
%
22. (2) Use LRAM with 72(64 — x%) on the interval [4, 8], n= 8.
§=372.27873 m°

(h) l Sl ~0.11=11%

N



23. (a) (HH(6.0+8.2+9.1+.--+12.7)(30) ~ 15,465

(b) (5}B2+9.149.9+-+13.0)(30) = 16,515 #°
24. Use LRAM with zx on the interval [0,5], n=35.
10+7+ 274+ 37+4m) =101~ 3141593

25, Use MRAM with x on the interval [0, 5], n = 5.

i -1~7z+§7£+-5~7r+»7~7c+~9~7i: wmzwén239.26991
22 2 2 2 2

26. (a) LRAM, :
32.00+1941+11.77+7.14 + 433 = 74,65 ftfsec

(b) RRAM :
19.41+11.77 + 7.14+4.33 + 2.63 = 45.28 ft/sec

{c) The upper estimates for speed are 32.00 ft/sec for the
first sec, 32.00 + 19.41 = 51.41 fifsec for the second sec,
and 32.00 + 19.41 + 11.77 = 63.18 fi/sec for the third
sec. Therefore, an upper estimate for the distance fallen
is 32.00+ 51.41 + 63.18 = 146.59 ft.

27. (2) 400 ft/ec - (3 secX(32 fkee?) = 240 fifec
(b) Use RRAM with 400 - 32xon [0, 5], n=5.
368 + 336 + 304 + 272 + 240 = 1520 1t

28. (a) Upper = 70 + 97 + 136 + 190 + 265 = 758 gal
Lower =50+ 70 + 97 + 136 + 190 = 543 gal

~ (b) Upper = 70 + 67 + 136 + 190 4 265 + 369 + 516 + 720
= 2363 gal
Lower = 504 70 + 97 + 136 + 190 + 265 + 369 + 516
= 1693 gal
{€) 25,000 - 2363 = 22,637 gal
22,657 == 31.44 h (worst case)
720
25,000 ~1693= 123,307 gal
23,307
P 32.37 h (best case)

29, (a) Since the refease rate of pollutants is increasing, an
upper estimate is given by using the data for the end of
each month (right rectangles), assuming that new
scrubbers were installed before the beginning of
January. Upper estimate:
30(0.20+0.25+0.27+0.34 +0.45+0.52)
= 60.9 tons of pollatants

A lower estimnate is given by using the data for the end
of the previous month (left rectangles). We have no data
for the beginning of January, but we know that
pollutants were released at the new-scrubber rate of
0.05 ton/day, so we may use this value,

Lower Estimate:
30(005+020+0.25+027+0.34+045)

=46.8 tons of pollutants

(b) Using left rectangles, the amount of pollutants
refeased by the end of October is
30(0.05+020+0.25+0.27+0.34 +0.45

+0.52+0.63+0.70+0.81) = 126.6 tons

Therefore, a total of 125 tons will have been released
into the atmosphere by the end of October,
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30. The area of the region is the total number of units sold, in
millions, over the 10-year period. The area units are
(millions of units per year)(years) = (millions of units).

31. True. Because the graph rises from left 1o right, the left-
hand rectangles will all lie under the curve.

32. False. For example, all three approximations are the same if
the function is constant.

BB y=4x-x2=0
4x = x?
x=0,4
Use MRAM on the interval [0, 4], n = 4.
W(L75 43754375+ 1.75) = 1}
34,D.

35, C

%[Sil’l(@)+Sm(%)+sm(%)+sin(§§-})

E(O-rl@mﬂw@m}
4 2 2

36.D.
37. (a) The diagonal of the square has length 2, so the side
length is V2. Area = (V2)? =2
(b) Think of the octagon as a collection of 16 right triangles l

with a hypotenuse of length I and an acute angle

. 2w
measuring e

e o))

=4sin
4
=22 ~2.828

(e) Think of the 16-gon as a collection of 32 right triangles
with a hypotenuse of length { and an acute angle

measuring Z.
32716

i n s
Area =32} = || siz— —
{2)(3‘“ 16)(“"“‘ 16]
=8 sin" ~3.061
8
{d} Each area is less than the area of the circle, 7. As n
increases, the area approaches z.

38. The statement is false, We disprove it by presenting a
counterexample, the fonction f(x) = x> over the interval
0sx sl withn=1 MRAM, =1f(0.5)=0.25
LRAM, +RRAM, _ LAY +1F(H

2 2
= 9;—1 = (.5 % MRAM,




238 Section 5.2

39, RRAM, f = (A f(x )+ fQy) +ooo fx, )+ Flx, B
=(Af(x)+ Flx)+ FOR Y4t fx, N
+ (A fx,) = flxgi
=LRAM, f+{Af(x, )~ f(xy)]

But f (a) = f (b) by symmetry, so f(x,) —f {x) = 0.
Therefore, RRAM, f=LRAM, f.
40, (a) Bach of the isosceles triangles is made up of two right

triangles having hypotenuse 1 and an acute angle

. 2 = . .
measuring —— = —. The area of each isosceles wiangle

1 n xYy 1, 2%
is A = 2| — |t sin— =~ |=—sin—,

{b) The area of the polygon is

Ap =nhy m%singf,sn

lim A, = lim Esinzii:yr

oo n—iee n

{¢) Multiply each area by r2:

1 2 2
Ay = —prisin—
T2 n

1) 2
Ap = —r"sin—
) 7
lim A, = 7r?

Section 5.2 Definite Integrals (274-284)
Exploration 1 Finding Integrals by
Signed Areas

1.~2. (This is the same area as [ sin.x dx, but below the

x-axis.)

w

{(—2m, 27} by {3, 3]

2. 0. (The equal areas above and below the x- axis sum to
Zero.)

%‘v

{~24r, 2771 by {3, 3]
3. 1. (This is half the area of I:mnx dx)

N
NS

[~2ar, 297 by [—3, 3]

xr
4,21+ 2. The same area as -[0 sin x dx sits above a rectangle of

area X 2.)

[~27r, 27} by [—3, 3]
5. 4. (Each rectangle in a typical Riemann suin is twice as tall

ki o
asin L} sinx dx.)

\/

f—2m, 2wl by [~3, 3]

6. 2. (This is the same region as in I: sin x dx, translated 2

units to the right.)

NS

{—2ar, 21 by [—3, 3]

7. 0. (The equal areas above and below the x-axis sum to
Zero.)

ot

{—2m, 297} by {3, 3]
8. 4. (Each rectangle in a typical Riemann sum is twice as

» - 7: "
wide as in _[0 sinx dx.)

f—2r, 2w by -3, 3]

9, 0. (The equal areas above and below the x-axis sum to
Zero.) ’

~N Vs
S

{27, 2 by {—3, 3]



10. 0. (The equal arcas above and below the x-axis sum to zero,
since sin x is an odd function.)

f—2ar, 241 by [~3, 3]

Exploration 2 More Discontinuous
Integrands

L. The function has a removable discontinuity at x = 2.

V4
4

yd

V!
[~47, 471 by - 1.1,5.1}

2. The thin sirip above x = 2 has zero ares, so the area under

3
the curve is the same as -[0 {x+2), which is 10.5.

S0 s
[~4.7, 471 by [~ 1.1, 5.1}
3, The graph has jump discontinuities at all integer values, but
the Riemann sums tend to the area of the shaded region

shown. The area is the sum of the areas of 5 rectangles (one
of them with height 0):

5
jomt(x)dx=o+1+2+3+4=10,

SEleidx=ae
[~2.7, 671 by [~1.1,5.1]

Quick Review 5.2

5
LY B =P+ + (B + @ + (5 =55

n=l

4
2. 2 Gk —2) =[30)-21+[3(1)—- 2] +[3(2)-2]
k=0
H3(3)— 2]+ [3(4)~ 2] =20

4
3. 21000+ 17 =100[1)* + (2 + (3 + (@) +(5)°]
&2
= 5500

99
4>k
k=l
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25
5.3 2k
k=0
508
6. 3,3k
=]
50 50 50
7. 2302 3% x= 3 (2x% +32)

x=l x=1 3
8. z x"+ Zx = 2 X
k=9

1
9. ¥ (~D* = 0if nis odd.
k=0

it
10. 3 (-D¥ =1lif nis even.
[ 2]

Section 5.2 Exercises
n
2
L lim ¥ (c,*Ax, = | 'x’dx where n is any partition of [0, 21.
n—yoo P
i 5
2. lim 3 (c,> ~3¢,)Ax, = [ (+”~3x) dx where n is any
™™ - .
partition of {-7,5].

H
3, lim zmmk = J -»»d.x where » is any parntxon of [1 4}.
ey O

vl
LT

n 1 31

Ax, = .[21

4. lim

Hyot

dx wherenis any pamtlon of
k= L ¢
[2, 3]

5. @im inM -, Ax j\}ti x* dx where n is any partition

ﬂ--~>°0

of [O, 1}.

6. lim Z(sm o AR, j sin® x dx where » is any partition of

H---éﬂo

[—71:,7«:] .
7. j_lzs dx=5[1—-(~2)]=15
8. j: (=20)dx = (~20)(7 ~ 3} = ~80
9, j;{wléo)dt:(—160)(3—0)=~480
10, [ 2d0="1-1-(-4)= %’5
34
11 LH” ds = 0.5{3.4 - (~2.1)] = 2.75

12. J'ffﬁdrw\/?—(ﬁgwﬁ—)“—%
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13. Graph the region under y = —)254- 3 for—-2<x54.

afx 1
I_z(”ﬁ +3)dx . 5(6)(2 +35)=21

14. Graph the region under y = —2x +4 for ?1-): x5 %

32 1
" (—2x+4)dx= 5(1)(34—1) =72

15, Graph the region under y = V9~ x? for ~3<x<3.

This region is half of a circle radius 3.

Ji\wixzdxm%?rﬁ)z - -9;-

16. Graph the region under y=v16-x? for ~4 $x <0,

The region is one quarter of a circle of radius 4.

J:\flexz dx=%n(4)2 =47

17. Graph the region under y= [x[ for -2<x <1,

1 1 1 5
[ =t @@+ Lmw =3

18. Graph the region under y=1—[x] for 1S x<1.

[ a=fshax= 20 =1
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19. Graph the region under y=2-]x| for ~1<x<1. 22. Graph the region under y = r for v2 <7 <5¢2.
y
10}
; r
V2 52 10
jl {2w‘xi)dx:l(})(l+2)v§~i(1){l+2)“—*3 52 1 NS
y > 5 [ rar=5V2-V2)/2 e 5D =24
20. Graph the region under y = 1+v1-x* for ~ 1S x <1 2. I;dex w%(b)(b)m%bz

b - 1 a2
24, jG 4xdx—~2m(b)(4b)—2b
25. j"’zsds=i(bma)(2b+2a)=b2—a2
. 2
26 IbStdt=}—{b~a)(3b+3a)~—3—(b2-a2)
" e 2 T2

2 r
27. Laxdx =-;—(2ama){2a+a)=%m

ﬁl(1+'\/1—x2}dx = (2)(1}+—;~hr{1)2 = 2+12’_

3a 1 -1
28. xde=={JIa~a)(VIa+a)= -G’ -a*)=a*
21. Graph the region under y = 0 for 7 <0< 27 ) ;e -ax )= )

¥ 29. f:zsm:msw]f
2 y
” 8701 1)~ 87(8) = 261 miles

60 [}
30. [ 25d1= 25:§0
25(60) — 25(0) = 1500 galtons

31 j;'5300dz =300¢]* catories
300(7.5)~ 300(6) = 450

™ 2ar

2

2 _}“ _ __i?fm 3
jx 6d0=-(n-m)Qr ="

ba

: j“o.m:e.m[“
8.5 8.5
0.4(11)~ 0.4(8.5) = liter

44

33, NINT[—i—, x,0, 5) = 0.9905
34. 3+2-NINFan x, 7,0, ) = 43863

35, NINT@ -~ x2, x, - 2.2) = 10,6667

36. NINTG2e™™, x, -1, 3)~1.8719
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37. (a) The function hasa discontinuity at x = 0.
(b}

[-2,3} by [-2. 2

[} Zdr=-2+3=1

2|
38. (a) The function has discontiauities at
x=-5-4-3-2-1,0,1,2,3,4,5.

(b)

[~6, 5] by [-18, 4]

fﬁ Sint(x—3)dx = (=18) + (~16) + {~14)

+ (=12)+ (—10) + (=8} + (—=6) + (—4) + (-2}
+ 042 =88

39. (a) The function hasa discontinuity atx = 1.

{B)

[=3, 4] by [~4, 3]

el 1 Lay@=-21
[rmd=s@®+50® =3

40. (a) The functionhasa discontinuity atx =3,
(b)

(-3, 6] by [-9, 21

77

69— x*
J 3

1 1 .
S EE OO0

41. Faise. Consider the function in the graph below.

¥

®

N
b

42, True. All the products in the Riemann sums are positive.

5
43, E.L (F(x)+4)dx

= fmde+ [ 4dx
=18+4x/3 =30

4

44.D.f_ (4-[xhax
= [ adve [ xax+ | ~xar
mat + Tf 00, -6

45.C.
46. A,

47, Observe that the graph of f(x)= x° is symmetric with
respect to the origin. Hence the area sbove and below the
x-axis is equal for—1<x £1.

J._llx3dx = —(atea below x-axis)+ (ara above x-axis) = 0

48, The graph of f(x)= x" + 3 is three units higher than the
graph of g(x) = x*. The extra area is (3) (1) = 3.
PE TN PO &
je(x +3dr= 3=
49, Observe that the region under the graph of F{x) = (x—2)°
for 2 £ x €3 s just the region under the graph of
g(x) = x3for 0 £ x <1 translated two units to the right.
1

[EEe I;x3dx=z

50, Observe that the graph of f(x) = !xi3 is symmetric with

respect to the y-axis and the right half is the graph of
glx)= e

lelxig x = 2_[(; x% dee % ]

51. Observe from the graph below that the region under the

graph f(x)=1—x"for0 £ x <1 cuts out a region R from
the square identical to the region under the graph of

gx)= PHor0<x <.

-~ S



52. Observe from the geaph of f(x)= (x|~ *for-12x <2
that there are two regions below the x-axis and one region
above the axis, each of whose area is equal to the area of
the region under the graph of g(x)= Por0sxsl.

3
53. Observe that the graph of f(x)= [%) forO0sx<2isjusta

horizontal stretch of the graph of g{x) = > r0 < x <1 by
3
a factor of 2. Thus the area under f(x) = (%) for 0sx<s2

is twice the area under the graph of g(x) = Phro<x<l.
[KES e 2 P dx=1
o{ 2 2

54. Observe that the graph of f{x)=x® is symmetric with
respect to the orgin. Hence the area above and below the
x-axis is equal for —-§<x <8,

. :
Ls x* dr= ~{area below x-axis)+ (area above x-axis) = (

§5. Observe from the graph below that the region between the
graph of f(x)=x*~1and the x-axis for 0 < x <} cuts out a
region R from the square identical to the region under the
graph of g{x) = x*for0 < x <1,
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56.0bserve from the graph below that the region between the

graph of f(x)= %/; and the x-axis for 0 £ x <icuts outa
region R from the square identical to the region under the
graph of g(x) = X*for0< x < 1.

8

57. (a) As x approaches O from the right, f (x) goes t©
(b) Using right endpoints we have

)

1
f —dxm= ilmi kY
n-—-)ook =1 [;’;}

]

. H
= [im =5
ey k

. i 1
S A—

n—pes n

Notethatn[l+—%+---+~%)>n and n — oo, 30
2 7

1 1 1
n +§5+...+’_; — o0,

58. (@) Ar= -z, =
¢4

= f A

\_,......_/

)
31»—
Aiu
TN
S
SN

b
L]
=
*
+
TN
= |
e’

™
S e

RRAM = (
3

(-3

(b)Z )2 1 mi i =iik2
n) @\ i
nla+1)2r+1)

61

3 1 n{n-!—l}(Zn +1)
3 Zk ) 6 =
b

2
@ M[(J ]Em-(——;l‘—z—ﬂ

2t 43
= lim —————
Hyos 6;13

2.
6

W |
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58. Continued
§
(e) Since .[0 x% dx equals the limit of any Riemann suin over
the interval {0, 1]as n approaches o, part (d) proves that
1

j;izdng.

Section 8.3 Definite Integrals and
Antiderivatives (pp. 2856-293)
Exploration 1 How Long is the Average
Chord of a Circle? o

1. The chord is twice as long as the leg of the right triangle in

the first quadrant, which has length r? —x* by the
Pythagorean Theorem.

¥
2_ 2
x
2, Average value = J‘r 2t —x% dx.
-r

r=(=r)
3. Avemge value = 52— frr Vr?—x% dx
-1,

=1, (area of semicicle of radius r)

4, Ajthough we only computed the average length of chords
perpendicular to a particular diametet, the same
computation applies to any diameter. The average length of

. . 7
a chord of a circie of radius r is 5
5. The function y = 2V 72— x% is continwous on [—r, r], so the

Mean Value Theoremn applies and there isac in [, b] so

that y(c} is the average value sy

Exploration 2 Finding the Derivative of
amn Integral

Pictures will vary according to the value of x chosen.
(Indeed, this is the point of the exploration.) We show a
typical solution here.

¥

1. We have chosen an arbitray x between a and b.

2. We have shaded the region using vertical line segments.

3, The shaded region can be written as Jx f{(2)dr using the
a

definition of the definite integral in Section 5.2, We use ¢ as
a dummy variable because x cannot vary between a and
itself,

4. The area of the shaded region is our value of F(x).

5. We have drawn one more vertical shading segment (o
represent AF,

6. We have moved x a distance of Ax so that it rests above the
new shading segment,




7. Now the (signed}) height of the newly-added vertical
segment is £ (x).

8, The (signed) area of the segment is AF = Ax» f(x), s0

roeye fim
P i =1
Quick Review 5.3
1. —Z—i = i X

dy
2.~ 00
dx x

dy _secxtanx
dx sec.x

=tanx

dy cosx
4, — = - =cotx
dx sinx

dy secxtanx+sec’x
dx secx+tanx

6. %z x(i)«klnx—lsinx

& b’ .

7. =
dx n+l
X
g V. ! S (In2)2" =— 2 1“22
dc (2" +1) (2% + 1)
9. c—i'xmxex-‘rex
dx
10. dy 1
dx X +1

Section 5.3 Exerciges
2
1. (a) _[2 g0 dx =0
) [ g00de=- g0x)dx =8
2 2 ’
(© jj 3f(x)dx =3 j{ Flaydx =3(=4) =~12

@ [} f@ar={) foods+ [ farax

=-f fods+ [ fran
=4+6=10

© [[170-gwide = foan- [ st
=6-8=-2

® [T )-gidr = [ 4f oy~ [ gty

=4J15f(x)dx—_[15g{x}dx
—4(6)-8=16
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9 9
2. (8) L —2f(x)dx = -2 j | fydr==20-1)=2

) [+ hlde= | fde+ ||
=5 de?

(© j: [2.f(x)—3h(x)]dx = jj 2f(x)dx + j':3h(x) dx

=2f] e =3[ hx) dx
= 2(5)~3(4) =2

i 9
@ |, fnac==] fmdr=1
@ [ foode= [ frdre [] forax

= | - [ ras
=—1-5=—6

7 7 7
® [, 1h(x)- fdx = [ rxyde— [ fond

m-—jgh(x}dx+ | )
7 7
= S ]

2
3.a) [ fldu=s
) ["V3r@de= 3] f1de=543
© j; f@di=-] 12 F)dr=—5
2 2
@ [ 1=fhde=- [ fodr=-5
4.@ [, g0di==[" grdr=—2
® | :g(u)duﬂ Nz

© [ -g@lde=-{° gde =2

0 g(r)

{d) _[3 \/_ J“J‘ gndr =1
4
5.@) [ fde= [ foyde+ [ oz

= 2 fdz+ [ fdz
Q 0
—3+7=4

(b} f: fleyde= jff {r)de+ f; Fltds

= —J'4f(r)dz+ faf(t)dt
0 0
2-7+3=~4

6.@ [ hdr= | hrdr+ [ hoyar

=-[ ryar+| nryar=6
-1 -1
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6, Continued
) =, W du= " - [ para

= [ hdu- [ hwydu=6
7. max sin () = sin () on {0, 1]

I;sin(xz)dxs'sin <1
8. max Vx+8 = 3and min vx+8 =22 on [0, 1]
ZJESL:\/JH«S de <3

9, (b—a)min f(x) =0 onfa, b]
osw—a)mmf(x)sj:f(x)dx
10. (b-a) max f(x) <O onfa, b]
_[: Fx)dx < (b—a) max £(x) SO

11. Anantiderivative of x° ~1is F(x) = %xi‘ -x

av:—\}—:jﬁ(xz ~Ddx
[F(f )-F©)

(0—0):—“—0

AN

Find x = ¢ in [0,/3] such that ¢* —1=0

e =1
c=+1
Since 11s in 10,31, x =1.

%, X
12. An antidetivative of Y is F(x)e= -

1 X _1 _ =19
av_gfo(m_z_)dx_s[m)} F(O)I—g( -

2
Fmdx:cin{(),3}suchd1at—%—=——%.

=3

€= i\g
Since v/3 is in [0, 3}, x =+/3.
13. An antiderivative of ~3x” — Lis F(x) = —x° — %,

avmfj‘(-axzml)dme(l)—F(m:-—z
Find x = ¢ in [0, 1] such that— 3t —1=-2

—ism{0, I}, x= !

WL

14. An antiderivative of (x—~1)? is F(x)= -l-(x -1

=1 212 ds =P~ F<0>1--(—8- 1) 1

3 3
Find x = ¢ in [0, 3} such that (c—1* =1,
c~-1=%1
c=2orc=0.
Since both ae in {0, 3}, x =00r x =2,
15. The region between the graph and the x-axis is a triangle of
height 3 and base 6, so the area of the region

is -1—(3)(6) =9,

_3
av{f)-»«j fydx= 6 >

16, The region between the graph and the x-axis is a rectangle
with a half circle of radius 1 cut out. The area of the region

4%
T2

av(fy=- I feydt= (

is 2(1) ——ﬂ:(l)2

431:__47::
2 4

17. There are equal areas above and below the x-axis,

1 2= 1
“"(f’““zﬂo fdr= o e0=0

18. Since tan @ is an odd function, there are equal arcas above
and below the x-axis.
x4

av(f)“—-m f(9)d6w—.0 0

19, L: sitx dx = - c0s(27) + cos(it)

=-2
n/2 i . n
20, L) cosxdx:sm[—iJ—sm(O)—l
zf x 1 0
21. jo fdr=el—e’ =e~1
22. j””seczxdx::an(-’f]—mneﬂ
0 4
4
23. j42xdx=x2l =422 =15
24, 3xdx x} =22 (1P =
25. {° sax=5x%, = 5(6)-5(-2)=40
26, j78¢=8x|7m8{7)—8(3)=32
3 k!

27

-1 ~1 I) 0

11+

28. j‘;’z

TS A TN
dx =sin [2)5111 (0} 6

1-x*



29.

0.

31

1 ¢z
av(f)m:éfo sin x dx

= wlw(—cosn:-—(~cos0)=—2~
4 4

3. av(f)_ 2ew1~dxﬂ~1~652e—1ne)
2e—g X e
- 2
[
38, av(f)= — jg'seczxdxmaa Z 1 tan(0)
T _y° 4
4
4
mrc
34 av(f)_mg ;1 ! —dx = tan”" (1} - tan™"(0)
.
4
1 2
3. avify=3—1 1)j 3x° +2xdxu—3(x +22) [,
=4
1 (£ 3 %
36, av(f)= f3secxmnxdxmw seci - j—secl
_7£~9 0 g 3
3 .
23
T

37.

38.

mjnfw—;—andmaxf=l

1opt

277044

dx <1
16
0.5)=—
fO.5)=7

1Y(16)_¢05 1
~ff=ls dx
I

8 .[05 H dx<1

I
L

PR
05 1+x 2ANT7
4 j +x 17
8. 1. 1 <3m+§_
17 4 91.;.;; 2 17
49

8 14t
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3. Yes, [ av(fydx= | flx) d.

40.

41.

42,

43

44.

45,

46

This is because av(f) is a constant, so

b
Lav(f)dx=[av(f)-x]z
=av(f)eb—av{fiea
= (b= a)av(f)
—(b—a)[ : j”f()dx}
- b—qg’a *

= fan
(a) 300 mi

150mi  150mi _
30mph SOmph

(b)

300 mi
e 222 3
{c) i 37.5 mph

{d) The average speed is the total distance divided by the

+d,

d
total time. Algebraically, —

. The driver computed
1 + ‘t2 :

d, d
% % The two expressions are not equal.
A

1000 m*
10 m/min

1(}0 m°
m>fmin
total released 2000 m’
total time 150 min

H
jlsinxdxs_[]xdx: ixz &wlm
0 0 2 N 2

2 N3
J'lsecxdxz_[‘ §+f-n dx = x+fw ml
o 0 2 6 b 6

Let L{x} = cx + 4. Then the average value of fon {g, B] is
b
av(f) = —]—j (ex +d)dx

RIEIE

Time for first release = = 100 min

Time for second release = = 50min

Average rate =

S 131m3/min
3

1 jet-a"y

i —————————2 +d(b a)J
_cbta)+2d
2
_{eatd)+{cb+d)

2
_Lla)+L(b)
2

False, For example, sin O = sin = 0, but the average value
of sinx on [0, @] is greater than 0.

3
. False. For example, | 2 dx =0 but 2(-3) % 2(3)
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47. A. There is no rule for the muitiplication of functions.

48. D. There is no rule for the negation of the bounds.

49.B. av(f)= 3;-}; jls cos xdx = %(sinS —ginl)
= - 0.450.

.
50.C.10 = -;;—_—af“ F(x)dx
b
10(b~a)= j F(x) dx
51.{a) Ara =-12~§)h
[
) 2’ C

b 2
b h 2 hb 1
(e) | y(x)ydx= [——x ] e 22 By
I 0 2 |, 20 2

1 ]
kik+1 g Kkt

52, avix )«mj"‘ xrdp =

x+l
x(x+1)
find the point of intersection for x > 1.
/

Graph y, =

xntﬂ gt
OSSR vz ammpm

{ » 3} by {0, 3]
Thus, k=239838

53, An antiderivative of F (x) is F(x) and an antiderivative of
G'(x) is Gix).

j ® Fix) dx = Pb) - F(@)
j G (x) dx = G(b) - G(a) ‘
Since F/{x} =G (x}j F'(x)dx = j G'(x) dx, 50
F(b)- Fla)=G(b}-Gla)
Quick Quiz Sections 5.1-5.3

B b
1.D. | (F(x}+3)dxma+2b+ja3dx
a+2b+3b-3a=5b-2a
2.8.
32 43 43
2
3.c.j2x2dx:35~ -2 2

3233

and y, = x on a graphing calculator and

4 (a) F7(x)=6x+12

[ @de=3x" +12x+c
y=4x-5

m= fr=4

30 +120)+c=4

c=4

[ Freode= [ 357 + 122+ 4)dx
f(x}=x3+6x2 +A4x+c
FO)=(0)* +6(0)% + 4(0)+c= -5
¢c=-3

f(x):x3~i~6x2 +4x-35

b av(f)= j (2% + 637 + 4x —5)dx

1- ( 1
1
4
2 ol sos?-5c] =-3
20 % :

Section 5.4 Fundamental Theorem of
Calculus (pp. 294-305)

Exploration 1 Graphing NINT 7

2. The function y = tan x has vertical agymptotes at all odd

multiples of -;E . There are six of these between —10 and 10.

3. In attempting to find F(~ 10) = [ tan(t)dr + 5, the
calculator must find a limit of Riemann sams for the
integral, using values of tan ¢ for ¢ between — 10 and 3. The
large positive and negative values of tan ¢ found near the
asympiotes cause the sums to fluctuate erratically so that no
fimit is approached. (We will see in Section 8.3 that the
“areas” near the asymptotes are infinite, although NINT is
not designed to determine this.)

/
—

1.6, 4.7} by [-2, 2}

5. The domain of this continuous function is the open interval

= 3z
2° 2 F

4.y = tan x

6. The domain of F is the same as the domain of the

continuous function in step 4, namely (125’ %EJ

P

PN

P



7. We need to choose a closed window narrower than

(%,%@) to avoid the asymptotes.

£1.6, 4.71 by 10, 16]
8. The graph of F looks the graph in step 7. It would be

. 4 . . Im) .
decreasing on E,R' and increasing on E,—z— , with

. T 3n
vertical asymptotes at x = 5 and x = R

Exploration 2 The Effect of Changing

ain ["f@)de
1. \/

(=47, 4.7 by [-3.1, 3.1}

LAY/

[~4.7, 4.7) by [-3.1, 3.1]

3. Since NINT (x%, x, 0, 0) = 0, the x-intercept is 0,
4. Since NINT (x%, x, 5, 5) = 0, the x-intercept is 5.

5. Changing a has no effect on the graph of y = é{wr F@) du.
[x Ya
It will always be the same as the graph of y = f(x).

6. Changing a shifts the graph of y = Jx f() dr verticaily in
a
sich a way that ¢ is always the x-intercept. If we change

from 4, to a, the distance of the vertical shift is sz, fle)yde.
&)
Quick Review 5.4

1. % = cos(x” ) » 2x = 2x cos(x?)

2. % = 2(sin x){cos x) = 2sin xcos x

3. % = 2€sec x y(sec x tan x) — 2(tan Jc)(sec2 x)

=7 sec” x tan x — 2 tan x sec’x = {

Section 5.4

D3 T
de 3x Tx
5. 2'2_2);% 2
dx
dy 1 _ym 1
6 e T e
dx 2 2/
iy @’._ (—sinx}(x)—{cosx)(1) _mxsinx+C(>sx
" dx x2 x*
8. &

e 0T~ = —gint
dt dt

dy dyfdr _ cost

== = w= - COtE
de dx/dr  —sint
9. Implicitly differentiate:

dy dy
=+ (y+I=2y—=
e Ly b

dy

e {x =2y = —(y+1

dx(x W=~(y+1)

dy  y+l v+l
dx x=2y 2y-x
dy 1 1

10. = =
dx dxldy  3x

Bection 5.4 Exercises

1. %ﬁ:i—j:(sia%)dmsm?x

2. %:—% . (3e+cose? Jde =35+ cos?
2oLl
4.%:%}2 1reddi= 1+

5. 2 =L [ (i u)ds = ' x

6. %:% "¢ soeu du=e* seex

dy d rxl+t b4+ x

7. 8L ST

Cdx AT ef 14al

_‘_IQ’,:E,_ ¥ 2v~«smtd?w 2-sinx

8. -
dx dx’- 3+coss 3+cosx
dy d ¢ 3. 2du 2
9.?;;_5;]9 efdr=c S-=2xe
X 2
10. 24 cot3tdzmcotx2-‘§ff:2x cot 3x?
dx  dx 76 dx
dy d ssiend V142552
11. ——-ij du =
dx  dxVz U X

249
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- 2 inn 2 .
12. glmg—j 1+sm2u = 1+s1n2( x)
dx  dx 14 cos“u T+cos{ —x)
dy d .
13. = En(1+t )dr —W‘[ ln(1+r )dr
:1n(i+x )
TR 2r4+r+1dt=-—£_fx wrrelar
" dx dx 77
=—2x" +x+1
594 S cosr _ ___J-a cost cosxz’ﬁg
Tdx o des Y
___3x cosx3
P
- 5424
16.—@1 d 252: 2r+9dtmu_c_i_ Eal 32r+9ahf
de  dxiS® 1346 R
_25x* =107 +9du _ 250 x ~100 2” +90x
125x°+6  dx 125x°+6
17 @:X‘Lf’ si;(rz)drm—if&sin(rz)dr
“dy dxdVx dx 10
———smxg-bi —"'""""““"‘Sinx
de 2Jx
d 3x2
18. & dx dx[ ,In (2+p )d ==, 1n(2+p Jap
: du
. 2y 4
=-in{2+p )dx 6xin(2+9x)
3
19. % = %J‘; cos 2t dt = cos2x® ‘—i—:-t— cos2x? %

20.

21.

22,

= 3x% cos 2 + 2 cos 2x°

cos X - 8N~ X
dx Jsinx dx dx

=—ginx cos® x—cosx sin’x

ﬂx:mﬂ_fw“tzdz:: 2 du . o du

x
y= J.s sin® £ dt

ymj;e“‘tantdt

23. [EsIOn i :10_4|E%1 I
24, y= f;\lii—-cost dt+4

25, y=

26.

I: cos® Stdr—12

y= J’;e“ﬁdt+1

27. m(z——]dx [22- m;xi]

1
m(6—-ln3)-{1w1;;5)

1
=5~ln3+in=
2

=5—In3—-1a2
=5~In6=3.208

' -
i 1
. = 3"

29.

30,

=]
ey
o
w
L]
| se—"
[
o
3
| -
(=1
|
o~
o]
4
<
g
i
—
f’il
[ ]
IS
L¥%]
o
ot

3L

yosi
Ty
w
=

&

B
—

wn

-

L

S
I
i [ty

)

]

n
i
b | pie

i

p—a
S

[

{un

-2 wi o 1! 1
32 Lz-;z-dx=2 o 2dx=2[—x ‘]_2=2[1-—£]m
33, [ sinxde=[-cosx = 1-(-D=2
3. j:(l«t-cosx)dxm—u[xwiax]g

=+~ (0+0)
=x=3.142

w13 2
35. | 250’0 d0=2[tan ]|

=2(/3-0)
=243 ~3.464

[ esc? 040 =[ - cot6 ]

w6
=3-(-3)

=23 =3.464

BT

3

&

3

~3

38] 4seextanx dx =4[ secx [FP=402 -1 =4

! N VRS S L SAPO
39. I_l(r+1) a'r—|:3(r+1) ]_1»»«3 0—3

N
Hssay
o~
*

53
+
En
—

It
pr—
L
=

()
+
ko

[

N

—
(=3
r—
Y
A S——
i
=
+
=
-

{

ok

. J’:;Mcscxcotxdx [—csc ]37”4—(%\/—) (»»J_) 0

TN



40, j{j L "\"/‘;/; du= J:(u'm ~1)du
= [25{””2 - u}:

=(4-4)-0-0)=0
41. Graphy =2 —x.

[0, 3] by [-2. 3]

2
Over [0,2); | (2-x)dx = [2x_}_x2} =2
0 2 o

3
x)dx [Zx—%xz} =§—-2=—-—I—

Over [2,31: [ {2~ =
2

42, Graph y =3 -3, -

[-2, 2] by [-4, 10}
Over [-2, -1%

[ -3)an=[5 -] = 2-(-2)=4
Over [1, 1]:
j:l(sz ~3)dr =[x~ 3x]i1 =22 d
Over [1, 2]; jf(zuc2 ~3)ar = _3x]:' =2 (-2)= 4
Total area = |4|+|-4|+]4]= 12
43, Graph y=x° - 3x - 2x.

Av

10, 2} by [-1, 1]

Over [0, 1]:

1
e-setaefaec] Lt et 2t ot
0 ! =3 7
Over[1, 2]

2 I 2 . 1

j(x3—~3x2+2x)dx= Attt mo— el

H p) 1 573
Total areaxm_;-_._}:i:i
4 2

Section 5.4 25%

44, Graph y= x4z

[~2, 2} by [~4, 4]
Over {2, 0k

Qver {0, 2]:
2

J‘:(x3 —~4x)dx = l::]ix’ﬁ’ —-sz} =t —0=—4
0

Total area = i4|+1—4] =

45, Firgt, find the area under the graph of y = %2
1

Jlxz dr=|iy] =1
0 3 3

o
Next find the area under the graph of y = 2 - x.

2
jz(z—x)dx=[2x——lx2:} m2—~—3~:}~
1 24 2 2

Area of the shaded region = E + 5 §
3 2 6

46. First find the area under the graph of y = Jx.
1 2 )
J‘ RN S
4 3 s 3

Next find the area under the graph of y = %,
2
2
J' e = £x3 817
i 3 4 3 3 3
. 27
Area of the shaded region = 3 + 3 =3
47. First, find the area under the graph of y = 1 + cos x.
T . t
jo (1+cosx) dx={x+smx]0 =7

The area of the rectangle is 27
Arean of the shaded region = 2= 7
48. First, find the area of the region between y = sin x and the

. {n SS‘I]
x-axis for | —, — |
6

6
x
3

ol

#/6

JS 6smx dx = [ Cos X ]57:/6 }/2—_— (
2

The area of the rectangle is (smg)[—g—)

Area of the shaded region = \/— m%

49, NINT
342 sinx

————1——_—m, X 0, ]0]%3.8(}2
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4_
s0. NINT} 2L x, 0.8, 0.8 |~1.427
P |

S1. —I—NINT(\,Icosx X,

> ) 0914

52, V8~2x* =0 between x = ~2andx = 2

NINT(V8 - 2x7 , x, —2,2) = 8.886

53, Ploty, = NINT(e"z, ‘0, x),y2 =0.6 inafo, 1 by [0, 1]
window, then use the intersect function to find x=0.695.
54. Wheny = (0, x =
y3 =1-x
y=¥1-%
NINT1 %7, %, 0, )= 0.883

55, j ) dt+ K = L f) de

K= wj: Fle) dt+ j; ft) dt
= J';f{r} dr+I:f{r) dt
=[, f@ar

K=["@-3+1) dr

-1
:|:~1~t3-§—tz+t]
3 2

13 3

T o)

56. To find ap antiderivative of sin®x, recall from trigonometry

. , 1 1
that cos 2x = 1~ 2 sin® x, so sin® x= 5508 2x.

K::josin%dz

= j’ [m—w—cos (2x)}

&
= Lo Lsin an
2" 4 ,
11 v
=y X === 80X COS X
2772 X
_0_[1_sin2c032) sin2cos2-2

2

~1.189

57.(a) H(0)= J’; fitydr =

o 1w =4[ roa )= 1

H'(x)y>0when f{x)>0.
H is increasing on {0, 61

(e) H is concave up on the open interval where
H(xy= f'{x}>0.
Flixy>0when9<x 12
H isconcave upon (9, 12).

&y Hl2)= I(:2 F{Hdt > 0 because there is more area above

the x-axis than below the x-axis.
H(12} is positive.

(e) H'{x}=f(x)=0at x=6and x=12. Since
H'(x)= f{x)>0on[0, 6) the values of H are
increasing to the left of x = 6, and since
H'{x}= f(x)<0on (6, 12], the vaiues of H are
decreasing to the right of x = 6. H achieves its
maximum value at x = 0,

) H{x)>0o0n(0, 12], Since H(0) =0, H achieves its
minimum value atx = 0.

58, (a) s'(2)= F(). The velocity at ¢ =5 is f{5) =2 units/sec,

(b) s7() = F'{ty< Oatt = 5 since the graph is decredsmg, 30
acceleration at £=5 is negative,

© s(3)= j; Flxydx = %(3)(3) — 4.5 units

{d) s has its largest value at t = 6 sec since
5°(6) = f(6)=0and s"(6) = f(6) < 0.

(e) The acceleration is zero when s”() = f/(#) = 0. This
oceurs when ¢ = 4 sec and ¢ = Tsec.

(f) Since s(0) = 0 and 5°(¢) = F{z) > 0 on (0, 6), the particle
moves away from the origin in the positive direction on
(0,6). The particle then moves in the negative direction,
towards the origin, on (6, 9) since
S = f(1) <0 on (6, 9) and the area below the x-axis is
smaller than the area sbove the x-axis.

{g) The particle is on the positive side since

9
5(9) = jo f{x}dx > 0 (the area below the x-axis is

smaller than the area above the x-axis).
59. (a) (3} = F(3) =0 units/sec

(b) s"(3)= F'(3) > 0 s0 acceleration s positive.

© 3= j Flx)dx = %(—6}(3} = -9 units

6 1 1 ‘
@ s6)= [ flxydx= SO+ 5(6(3) =0, s0 the
particle passes through the origin at7 = 6 sec.
®) (N =rf#=0att=7Tsec

() The particle is moving away from the origin in the
negative direction on (0,3) since s(0)=0and
(1)< 0 on (0, 3). The particle is moving toward the
origin on (3, 6) since 5°(z) > 0 on (3, 6) and s(6) =0,

The particle moves away from the origin in the positive -

direction for ¢ > 6 since '(¢) > 0.



