25, Set ¢'(x) =2
X

26.

%) . 342 _20x430 = x% — 10x+30. The only

positive solution is x = 5, s0 average cost is minimized at a
production level of 5000 units. Note that

i(—cjﬂ) =2>0 for all positive x, so the Second
d*\ x

Derivative Test Confirms the minimum,

Set ¢'(x}=c{x)x:xe" +¢&" —dx=¢" — 2. The only
positive solution is x = In 2, s0 average cost is minimized at
a production level of 1000 In 2, which is about 693 units.

2
Note that %(f&{},) =¢" >0 for all positive x, 5o the
x

Second Derivative Test confirms the minimum.

27. Revenue: r(x) =[200-2(x—50)]x = ~2x* +300x

28,

Cost: ¢ (x) = 6000+ 32x
Profit: p{x} =r(x)—c{x)

= —2x” +268x ~ 6000,50 < x <80
Since p’ (x) = —4x + 268 = —4(x —67), the critical point
occurs at x = 67. This value represents the maximum
because p” (x) = —4, which is negative for all x in the
domain. The maximum profit occurs if 67 people go on the
tour.

@) f'(x)=x(~e"" Y+ =" (1~x)
The eritical point cccurs at x = 1., Since f/(x) > 0 for
O<x<!andf'(x) <0 forx> 1, the critical point
corrgspongds to the maximum value of f. The absolute
maximum of f occues at x = [.

(b} To find the values of b, use grapher techniques to
solve xe™* = (.50, x2=* = 0.2¢792, and so on. To
fin the values of A, calculate (b~ a) ae™®, using the
unrounded valves of b. (Use the list features of the
grapher in order to keep track of the unrounded values
for part {d).)

a b A
0.1 | 371 | 033
0.2 | 2.80 | 044
0.3 | 236 | 046
0.4 ]202 043
05 & 1.76 | 038
06 | 135 | 031
0.7 | 1.38 | 0.23
0.8 | 1.23 | 0.15
0.9 | L11 | 008
1.0 | 1.060 | 0.00
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()

10, 1.1 by [-0.2, 0.6}

{d) Quadratic:
A=-091a* +0.54a+0.34

7 ﬁ\a

[-0.5, 1.5] by [-0.2, 0.6]

Cubic:
A=174a> ~3.78a% +1.86a+0.19

N

/ M
/

[-0.5, 1.5] by [-0.2, 0.6]

Quartic:
A=—192¢% +596a ~6.874% +2.71a+0.12

/ )

[~0.5, 1.5] by [-0.2, 0.6]

{e} Quadratic:

AN

S ?:.us';‘sstsa

[-0.5, 1.5t by [-0.2, 0.6]

According to the quadratic regression equation, the
maximum area ocours at a = 0.30 and is approximately
.42,

Cubic:

w{f\/

 SELHSE00Y Ve REEHENZY
[~0.5, 1.5] by [~0.2, 0.6

According to the cubic regression equation, the
raxiume arez occurs at a = 0.31 and is approximately
0.45.
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28. Continued

. . dv
Quartic: point (for i > 0y occurs at A= 1, Since EP: >0 forO<h<l

and % <0 for 1<h<+/3, the critical point corres;ionds

to the maximum volume, The cone of greatest volume has
. . n

togmin, v:.-asskssa : radius ~2 m, height 1 m, and volume —gﬁm:’.

[—0.5; 1.5} by [—0.2, 0.6]
According to the quartic regression equation the

33, (a) We require f(x) to have a critica} point at x = 2. Since

+ ~2 v a
maximum area occurs at @ ~= 0,30 and is approximately Fx)=2x-ax™, wehave f'(2)=4- 7 and so our
0.46, p
29, (a) ff(x) isa quadratic polynominai, and as such it can requirement 18 that 4 — Z =0, TheI'EfOre, a=16.To
have 0, 1, or 2 zeros. If it has O or 1 zeros, then its sign verify that the critical point corresponds to a local

never changes, so f{x) has no local extrema.

If £/(x) has 2 zeros, then its sign changes twice, and

J(x) has 2 local extrema at those points, and so f"(x)=2+ 32x7%, so [7(2)=6, which is
{b) Possible answers: positive as expected. So, use a = ~16,

No local extrema: y = x,

2 local extrema: y = 2 -3x

minimum, note that we now have f'{(x)=2x— 16x72

(b) We require f"(1)=0. Since f"=2+ 2ax™°, we have
S =2+2a, so our requirement is that 2 +2q = 0.
30. Let x be the length in inches of each edge of the square end, Therefore, a = 1. To verify that x = 1 is in fact an
and let y be the length of the box. Then we require inflection point, note that we now have
4x+ y < 108. Since our goal is to maximize volume, we

_ Fx)= 2—2x", which is negative for 0 < x < 1 and
assume 4x + y= 108 and so y = 108 — 4x. The volume is

> ) 3 positive for x > 1. Therefore, the graph of fis concave
V(x) = x°(108 - 4x) = 108x" ~ 4x7, where 0 <x<27. down in the interval (0, 1) and concave up in the
Then V'’ =216x —12x% = —12x{x — 18}, so the critical interval (I,ee), So,use g =1,

point occurs at x = 18 in, Since V' (x)> 0 forO<x <18
and V/(x) <0 for 18 < x < 27, the critical point correspon('is 34, flx)y=2x— axt =
to the maximum volume. The dimensions of the box with
the largest possible volume are 18 in. by 18 in, by 36 in.

24 ; :
=5, 80 the only sign change in
X

113
F(x) occursat x = (3) , where the sign changes from
31. Since 2x + 2y = 36, we know that y= 18 — x. In part (a), 2) :
negative to positive. This means there is a local minimum at

the radius is py and the height is 18 — x, and so the that point, and there are local maxima.

volume is given by 35. (a) Note that f7(x) = 3x> + 2ax +b. We require f(~1)=0
2 and F'(3)=0, which give3~24 + b =0and
wrh=m (2 ) (18-x)= ""x 8- 27+ 6a + b = 0. Substracting the first equation from the

second, we have 24 + 84 = 0 and so g =3, Substituting
into the first equation, we have 9+ b= 0, s0 b=-9,
Therefore, our equation for f{x)isf(x)=

In part (b}, the radius is and the height is 18 ~ x, and so the
volume is given by r*h=nx?(18 ~x) Thus, each

problem requires us to find the value of x that maximizes %% ~3x2 ~9x. To verify that we have a local maximum
fxy=x*(18—x) in the interval 0 < x < 18, so the two ‘ at x=—1 and a local minimum at x = 3, note that
problems have the same answer. Flix)=3x%~6x~9 =3(x+1¥x-3), which is positive
To solve either problém, note that f(x) =18% — x*and so for x < —1, negative for -1 < x < 3, and positive for x >
F{x)=36x—3x? =-3x(x—12). The critical point cccursat 3.80,usea=—3 and b= -9,

x=12.Since f(x)>0 forO<x<12and f{x)<0 (b) Note that Fx)=3x2+2ax+b and f"(x)=6x+2a.
for 12 < x <18, the critical point corresponds to the We require f£/{4)=0 and f”(1)=0, which give
maximum value of f (x}. To maximize the volume in either 48 + 8a + b =0 and 6 + 2a = (0. By the second

part {a) or (b), et x =12 e and y = 6 . ' equation, @ =3, and so the first equation becomes

P J——z 48 - 24 b = 0, Thus b = ~24. To verify that we have a
32. Note that k” +7” =3 andso r=3-}". Then the volume local minimum at x = 4, and an inflection point arx = 1,
- M(?’ K= Th ~Z 43 for note that we now have f”(x)=6x—6. Since f”

3 changes sign at x = 1 and is positive at x = 4, the desired
conditions are satisfied. So, use a = -3 and b =24,

isgivenby V= mgr

0<h<~f3, and s0 %zn~nh2 = ;{1 h*). The critical

Pl



36. Refer to the illustration in the problem statement. Since

22 +y? =0, wehave x=\9—y°. Then the volume of the

cone is given by

I a2, 1 4
V=-arh=-n +3
FArh=37x (y+3)

=§fr(9-y2)(y+3>

=—;£(-—y3 ~3y% +9y +27),
for ~3<y<3.
Thus %5: 23 -6y +9) =m0 +29-9)
y

z —7p(y + 3)(y—1), so the critical point in the

interval (3, 3)isy=1. Since %Y->0 for -3<y<l and
y

%Y— <0 for 1 <y <3, the critical point does correspond to
¥

the maximum value, which is V(1) = é%g cubic units.

37. (a) Note that w? +d° =12, sod =v144~w?, Then we

may write S = kwd? = kw(144 — w*) = 144kw — b’

for0<w<12, so gﬁ = 144k — 3kw? = —3k(w? —48).
W

The critical peint (for 0 <w < 12) occurs at

w=v48 = 43, Since %‘3:»0 for 0<w <43 and
w

%ﬁ <0 for 443 <w <12, the critical point
W

corresponds to the maximum strength. The dimensions
are 4\/5 in. wide by 4\[6 in. deep.

(b))

[0, 12] by [~ 100, 800]

The graph of § = 144w —w? is shown. The maximum
strength shown in the graph occurs at w= 443 = 6.9,
which agrees with the answer to part (a).

©)

=
[0, 12] by [— 100, 800]

The graph of § =d?y144—4? is shown. The
maximum strength shown in the graph occurs at

d =46 = 9.8, which agrees with the answer to part

{(a}, and its value is the same as the maximum value
found in part (b), as expected.
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Changing the value of k changes the maximum strength,
but not the dimensions of the strongest beam. The
graphs for different values of & Jook the same except
that the vertical scale is different,

38. (a) Note that w” +4° =122, s0d =144 - w?. Then we

may write §= bwd® = (144 — w? )312’ so
a8

B w2048 w22 (2m) + k(144w (0)
dw 2

= (k144 — w? ) (3w + 144 - w?)
= (—4k\144 - 22 ) (w* ~36)
The critical point (for 0 < w < 12) occurs at w = 6. Since

£I—S—>~0 for O<w<6andfg~sm<0for6<w<12, the
dw aw

critical point corresponds to the maximum stiffness.
The dimensions are 6 in. wide by 6J§ in. deep.

()

{0, 12] by [-2000, 8600}

The graph of § = w(144~w?Y'? is shown. The
maximuwm stiffoess shown in the graph occurs at w =6,
which agrees with the answer to part (a).

{c)

[0, 12] by [~2000, 8000]

The graph of §=d*v144~d? is shown. The
maximum stiffness shown in the graph occurs at
d=6\3=104 agrees with the answer to part (a), and

its value is the same as the maximum value found in
part (b), as expected.

Changing the value of k changes the maximum
stiffness, but not the dimensions of the stiffest beam.
The graphs for different values of k look the same
except that the vertical scale is different.

39, (@) v(0) = 5'() = ~10nsin 7t

The speed at time £ is 10ﬂ|sin m‘{. The maximum speed

is 10z cm/sec and it ocours at tm-é—, t=~g~, t=~g~, and

7 - c
= -2—sec. The position at these times iss =0 cm

(rest position), and the acceleration a() = V') =

—102% cosnr is 0 cm/sec® at these times.
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39. Continned

(b} Since a(t)=—-10x2cosms, the greatest magnitude of
the acceleration occurs at t=0, =1, =2, r=3,
and ¢ = 4. A these times, the position of the cart is
gither s =—10cmors=10cm, and the speed of the cart
is 0 em/sec,

40. Since gj{ =-~2¢nt+2¢0st, the largest magnitude of the

current occurs when ~2 sint+ 2 cost=0, orsin f=¢os t,

Squariag both sides gives sin® £ = cos® 1, and we know that
.2 2, IR SO .
sin“f4cos”t=1, 50 sin"¢=Cos r—~2~. Thus the possible

3 e
values of ¢ are %, w::E , %:E, and so on, Eliminating

extraneous soluations, the solutions of sint = cost are
i= ” + k7 for integers k, and at these times
li] = [2cosz + 2sin 1] = 24/2. The peak current is 2+/2 amps.

41. The square of the distance is
2
Dix) =(x—-2~) +(Wx+ 0 =X m2x+%,

soD’(x)=2x -2 and the critical point occurs atx = 1.
" Since Y(x)<0forx <land D'(x)> 0 for x >1, the critical
point corresponds to the minimum distance. The minimum

distance is /(1 :izg_‘

42, Caleutus method:

The square of the distance from the point (I, \/5) 10 .

(x,V16—x2) is given by

Dix) = (=% + (V16— x2 —/3)"
=2 = 2x+ 1416~ x% - 2/48-3x* +3

= 2x 420~ 2448~ 3x% . Then
(%) = ~2 = e 2

248 — 32>

Solving D’'{x) =0, we have:

(—bx) =2+

6x
Jag-3x2

G = 248 — 37
36x° = 4(48—13x7)
9x? = 48 3x2
1222 =48
x =42

We discard x = -2 as an extraneous solution, leaving x = 2,
Since D'(x)<0for —d<x<2and D'{(x)>0Tor 2<x <4,

the critical point corresponds to the minimum distance. The
minimum distance is  D(2) =2,

Geometry method:
The semicircle is centered at the origin and has radius 4.

The distance from the origin to (1,«6) is P+ («/5}2 =,
The shortest distance from the point to the semicircle is the

distance along the radins containing the point (1,«/5). That
distance ig 4 - 2 =2,

43, No. Since f(x) is a quadratic function and the coefficient

of x* is positive, it has an absolute minimum at the point

where f'(x)=2x-1=0, and the point is (%, 23;)

44. (a) Because f(x) is periodic with period 27

(b) No. Since f(x) is continuous on [0, 27}, its absolute
minimum occtrs at a critical point or endpoint.
Find the critical points in [0, 271:

Flxy=-4sinx—-2sin2x= ¢
—~dginx—4sinxcosx = 0
—4(sinx)y+cosx) = 0
sinx = Qorcosx= -}
x = 0,m2n

If

The critical points (and endpoints) are (0, 8}, (7,0),
and (27, 8). Thus, f(x) has an absolute minimum at
(m,0) and it s never negative.

45. (a) 2sinz = sin2t

Zsint = 2sinzcost
2(inf)(1-cost) = ¢
sint = Qorcost =1
t = k7, where & is an integer

it

The masses pass each other whenever ¢ is an integer
multiple of 7 seconds.

(b} The vertical distance between the objects is the absolute
value of f(x)=sin2s—2sinz.
Find the critical points in {0, 2x]:
Fxy=2cos2~2¢c08t = O

2(2coszt—1)—2cost =0
22c08  t~cost—1} = 0
2(2cost+1Xcost—1) = 0

1
cost =m§orcost =1

=27 4T 6 0m
33

The critical points (and endpoints) are (0, 0),
[375 _ 1{3_] (iar_ 33

,—— {,and (27,0)
3 2 3702

3

. . 2r
The distance is greatest when ¢ = EY sec and when

4 . . . 33
t= —é— sec. The distance at those times is wmzw meters,



46.(a) sinz= sin(z+§—}

SH]f=SlnfCOS"é“"'}"COS!S1ﬂ“§

. I 3
smt::——smH-—z—cost

1.\

SR e COSE
2 2

tant = /3

Solving for 1, the particles meet at ¢ = f;_ sec and at
4
f=-~— secC.
3
(b} The distance between the particles is the absolute value
of f() =sin} £+ 7% |~ sinr = w\[écost—mlmsim. Find the
3 2 2
critical points in [0, 27]:

V3 ]
() = = —ginng — —cost = 0
£ 5 5

3. 13
———3int = —cost
2

The solutions are 1= %E and f = 1—?, so the critical

points are at (ggm,—l} and (%,i), and the interval
endpoints are at (0, —\?} and [2:&', —\g} The particles

are farthest apart at ¢t = %75 secand at = 1~f;)~{c~se:c, and
the maximur distance between the particles is 1 m.
(c) We need to maximize f7(5), so wesolve f7(r)=0.
Vi1
"t} = e cost b sing =0
Fi 5 5

I 3
TSIRE = COStE
2 2

This is the same equation we solved in part (a), so the
. T 4
solutions are = —fj—sec and 1 = mémsec

For the function y= f'(¢), the critical points occur at

[%,w 1) and (fg, 1), and the interval endpoints are

at {O,———l—) and [2:'7:,—1).
2 2

Thus,|7/(t) is maximized at z=335 and t = %75. But

these are the instants when the particles pass each other,
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so the graph of y= 'f {t}] has corners at these points

d . ' .
and E;I f(t)| i$ undefined at these instants, We cannot

say that the distance is changing the fastest at any
particular instant, but we can say that near

s 47 . . .
t= 3 orf= 3 the distance is changing faster than at
any other time in the interval.

47. The trapezoid has height (cos@)f and the trapezoid bases
measure 1 ft and (1+ 2sin@}f, so the volume is given by

Vi) = %(cos B)(1+1+2sin6)(20)
= 206cos &) (1 +sind),
Find the critical points for 0<6 < 325 :
V'(6) = 20(cos 8) (cos ) + 20(1 + sin 6) (— sin ) = 0

20cos? 8- 205in - 2080’6 =0
20(1 - sin* 8) — 20sin6 - 20sin> 8 = 0
~20¢25in* B +sinG-1=0
-20(2sinf - Enf+1=0

sinﬁw—;" orsinf = ~1
o= =
6

The critical point is at {—g, 15«[5%“). Since

V(6)>0 forose<-;f and V() < 0 for%<e<§, the
critical point corresponds to the maximum possible trongh

. .. b4
volume. The volume is maximized when 6= —é—

48.(a) 2 ¢

Sketch segment RS as shown, and let y be the length of segment
QR. Note that PB = 8.5 ~ x, and so

OB = |22 (8.5~ x)° =/3.5(2x—8.5).

Also note that triangles QRS and PORB are similar.

OrR _FPQ
RS~ OB

8.5 /8.5(2x-8.5)

¥y X
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48. Continved
2

P
@25 8. 52 8.5(2x~8.5)
5 8.5%°
2x-8.3
r=xt+ y2
8.5x
U=x 4
Iy
e 2 (2x—8.5)+8.5x
2x-8.5
Lz - 2.?.’3
2x-85
2 2x2 .
(b) Note that x> 4.25, and let f(x)= L' = Y Since
y & 11, the approximate domain of fis 5.20 <=x <8.5.
Then
F0= (2x-8.5(6x")~(2x*¥2) _x*(8x-351)
(2x-8.5)" (2x—-8.5)7
For x>5.20, thecritical point ocours at
51

X= ry = 6.375in., and this corresponds to a minimum

value of f{x) because f'(x)<0 for5.20 <x <6.375
and f'(x) >0 forx > 6.375. Therefore, the value of x
that minimizes 17 isx = 6.375 in.

(¢) The minimum value of L is

3
_A63T 1104 in
2(6.375)~8.5

49, Since R= M?‘[g A:] —CZ— 2—--:1;1‘143, we have
W:CMmM CLetf(M)y=CM—M". Then

F(My=C-2M, and the critical point for f occurs at

C ... .
M= 5 This value corresponds to a maximum because

FiMy>0forM <w(-2jw and f/{M)<0 forM>g—. The value

. drR C
of M that maximizes M isM = —2—
50. The profit is given by
P{xy=(m)x—¢) = a+b100~xXx~¢)
= bx® +(100+ c)bx +{a—100bc).
Then P/(x)=-2bx+(100+¢)b
= b{100+¢—2x).

W00+e _ g5,y and this

The critical point ocours at x =

value corresponds to the maximum profit because

P(x)>0 forx<50+-°2l and P"(x) <0 forx>50+~§~.

A selling price of 50 +% will bring the maximum profit.

51. True. This is guaranteed by the Extreme Value Theorem
(Section 4.1).

52, False. For example, consider f(x)= x> ate=0,

53.D. f(x)=x*(60~x)
Fx)= X (=D + (60~ x)(2x)
=g 4120 - 227
~3x% +120x
= Fx(x - 40)
x=0 or x=40
60— x =60 60—x=20
¥ 60-x)=0
(40)*(20) = (1600)(20)
=32,000
54, B. Since f'(x) is negative, f(x) is always decreasing, so

f(25)=3.

55.B. A= ibh
2

HE|

b? +h* =100
b=~100-h?
Am%w/iOO—-kz

,_N100~R* B

2 2W100- 42
A'=0whenh= \/_

b=100-+/50" =430
,w%f\/_mzs

56. B. length = 2x

A

height =30— 1% —4x? =30-5x>
2x(30—527) = 60x — 10x°
%(60x—— 10x%) =60 -30x*
x=+2
W2E0-2 —4(2)%) = 4042.

57. Normal

Let P be the foot of the perpendicular from A to the mirror,

and ( be the foot of the perpendicular from B to the mirror.

e



37, Continuzed
Suppose the light strikes the mirror at point R on the way
from A to B. Let:
a = distance from A to P
b= distance from B to @
¢ = distance from P to 0
x = distance from P to R
To minimize the time is to minimize the total distance the
light travels going from A to B. The total distance is

D(x) = \/x2 +a*+ \/(c——x)2 +b*
Then

1
2\/(c-—x)2+b2
_ x _ c—x
\/x2 +a° \/(C--x)2 +2?

Solving D'(x)=0 gives the equation

D'(x)= (Zx)+ [~2{c -2}

Wil +ad?

x ~ X
\/xz +a® xf(c”x)z +b*
Equation 1. Squaring both sides, we have:
x? = x)2
P+at (c—x)* +b*
=57 +82 = (c- 2 (o +a?)
%2 {¢— Jc)2 +xh = {c~ x}zx2 A+ x}2 a®
P A Y
bt = [cz ~2xc+x° ]a2
0 =(a? - b%)x* = 2a%cx +a’c”
O =f(a+b)x—acjila—b)x—ac]

which we will refer to as

x= - orx= R
a+b a-b

ac . .
Note that the value x = 1$ &n extraneous solution

-
because x and ¢ — x have opposite signs for this value. The
ac

at+b’

only critical point occurs at x =

To verify that critical point represents the mininum
distance, note that

(x? wz)(n-(x)[m’fm]
\'xz ~I~a2 _

D”(x) = 5

x*+a*

¢ (c—x)2+b2>(—1)—(c—x)[mm]

Jle—xP + b?

(e—x)* +b*
_ (x2 +a2)—x2 _ —{(c—x)2 &bz}mi«(c—x)z
(x* +a?)¥? f(c—x)* +b*P?
a* b?

= + N
(x2 +a2)3]2 [(c_x}2+b2]3/2
which is always positive.
We now know that D (x) is minimized when Equation 1 is
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OR

true, or, equivalently, PR = = This means that the two
AR BR

right triangles APR and BQR are similaz, which in turn
implies that the two angles must be equal.

58. G = ka - 2kx
dx
.. . ka a .
The critical point occurs at x = —Z_E = —2—, which represents a
. d%v L . :
maximum vakie because ;‘miw = —2k, which is negative for
X

all x. The maximum value of v is
z 2
kax -t =kal & |-k[ &) =R
2 2 4
59. {(a) v= cror2 —er?

—3—; =2ckr — 3or® = cr(2r, —3r)

i . 2r, )
The critical point occurs atr = —éﬁ (Note that » = 0 is

not in the domain of v.} The criticaf point represents a
. d*v .
maximum because :i""“yz“ = 2eky — Ger = 2¢ (i, —3r), which
r

. o .
is negative in the domain E‘l Srx,.

(b) We graph v = (0.5~ r)rz, and observe that the

maximum indeed occurs atv = (%]0.5 = —;—

N

[0, 0.5] by {~0.01, 0.03]

60, (a) Since A" {g) = —kmg ™% + g the critical peint occurs

when ukin; = ﬁ, oF g = m%&nm This corresponds (o the
g 2 h
minimum value of A(g) because A” (g) = 2kmg ™, which
is positive for g > 0.
(b) The new formula for average weekly cost is

Bgy=EE0D% | 14
. q 2

"—“mkiﬂ—-l-bm-i-cm+f£§m

q
= A(g)+ bm
Since B(g) differs from A(g) by a constant, the
minimum value of B{g) will oceur at the same g-value
as the minimum value of A{g) . The most economical

quantity is again
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61. The profit is given by
plxy=r{x)—clx)
=6x~(x° ~6x7 +15x)
=—x +6x? ~9x, forx 2 0.

Then p'(x) = ~3x% +12x — 9= ~3(x ~ 1){x —3), 50 the critical

points cectr at x =T and x =3, Since p(x) <0 for
Osx<lLp(x)>0frl<x<3,and p(x)<0forx >3, the
relative maxima occur at the endpoint x =0 and at the
critical point x = 3. Since p(0) = p(3) = 0, this means that
for x 2 0, the function p{x) has its absolute

maximum value at the points (0, §) and (3, 0). This result
can also be obtained graphically, as shown.

Nagimuem
=y =4

{0,.5} by [-8,2]
62. The average cost is given by

c(x)

==

= x7 — 20x + 20,000. Therefore,

a’'{x) = 2x =20 and the critical value is x = 10, which
represents the minimum because ¢” (x) = 2, which is

positive for all x. The average cost is minimized at a
production level of 10 items.

63. (a) According to the graph, ¥'(0) = 0.
(b) According to the graph, y"(—L) = 0.
© y() =0, s0d=0.
Now ¥y’ (x) = 3ax” + 2bx + ¢, so y' (0) implies that
¢ = 0. Therefore, y(x) = ax® + bx* and
y'(x) = 3ax® + 2bx. Then y{(~L) = —al® + bI* = H and.

¥ (~L)= 3al? - 2BL =0, so we have two linear
equations in the two unknowns a and b, The second

equation gives b= %—E Substituting into the first

3
eguation, we have —al’ + %— = H, or

al’

— = s0a= Zﬂ. Therefore, b = 3,{1{ and the
2 4 2
equation for y

is y(x) = Zg—x3 +3%x2, or

o232

64, {a) The base radius of the cone is r = ma-x and so the

height is h=va®~r? =

T xf 2ma-x Y 2ma—x Y
Vs —rip=o) 22| g 222 2
. 3 3 2 2

(b) To simplify the calculations, we shall consider the
volume as a function of r;

volume = f(r)= grzxfaZ —r?, where 0 <r <a
d
Fry= —’35—_~(r2~1a2 -r%)

2ra— >
w[ < x} . Therefore,

i
=Zir »-———————————-(-—2r)+(\fa ~r2)(2r)
3: E\Iaz—r }
_r —-r3~i~2r(a -ﬂrz)
- 3] [2_2
_ 7| Qalr=3r)
“3“ 22

_mr(2at -2r*)

3 at - r?
2

" . 2a .
The critical point occurs when r= = which

and ;i = —~
we may now find zhc values of rand 4 for the given
values of a
whena=4: ,,_fl[: h= 4\/5;
3 3
wheng=5: rm—-—— h»m—-\'/—:

wbenamé:rml’,\/—,hﬁ%[—;

)

wheng=8;r=-"-2 h=

3773
a6

{¢) Sincer = --~§-~ and h= ﬁw;[é, the relationship is }E = \5

65. (a) Let x, represent the fixed value of x at point P, so that P
has coordinates (x,, a) and letm = (x,) be the
slope of line RT. Then the equation of line RT is
y=m{x—xy)+a The y-intercept of this line
is m{0 - x;) +a = a—mx,, and the x-intercept is the

. WX, — &
solution of m(x~ x,)+a=0,orx = Uy ¥y

designate the origin. Then (Area of triangle RST)



65, Continued
(a} =2 {Area of triangle ORT)

=2 —;— (x-intercept of line RT) {y-intercept of line RT)

wz-%[m‘;”“}m—mo)

Substitnting x for x,, /7 (x) for m, and f(x) for 2, we

2
have A(x)= wf’(x)lxm j:,((i)}} .

(b) The domain is the open interval (0, 10).

?.
T h, let s+s,/1m
o graph, let y, = f(x)= e
b

= f'(x) = NDER (y,), and

2
=A(x)=my2{xw~$’5} .

The graph of the area function y, = A(x) is shown
below,

[0, 101 by £~160, 10660]

The vertical asymptotes at x = () and x = 10 correspond
to horizontal or vertical tangent lines, which de not
form triangles.

{¢) Using our expression for the y-infercept of the tangent
line, the height of the triangle is

a—mx=fx)—f'(x) x

= 5 210042 o F e
2 2\/100%2
1

=54 100 27 4
2 2100 - +*

We may use graphing methods or the analytic method in
part {d} to find that the minimum vakue of A(x) occurs at
x = 8,66, Substitating this value into the expression
above, the height of the triangle is 15. This is 3 times
the y-coordinate of the center of the ellipse.

{d) Part (a) remains unchanged. The domain is (0, C). To
graph, note that

Fflx)= B+B/1—— B+——\/C2v—x and
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L (o=

f (X)"" -
CJC? - ?

Codcr- 22
Therefore, we have .

r 2

y fx)

Alxy=— e
#F)=-f{0| x Iz {x}]

Be 19+-—\/<:‘2 -

CNC? - 52 mzﬁiw_
cNC? — 52

2
Bx xﬂ(Bc+B\/c2-x2)«]c2—x2]
—Bx

RN

L _ ; .
S S (BC + BJC? — ¥ YW — 27 }]
BCxJC? —* L

2
LI P C2~—x2+B(C2——x2}

BCx\/CZ —-x*L

2
st [ B2 —xz)]
BOWC? =2 L

_BC(C+NCE %Y

x\/(fzwx2

(NC? = X YAC+NCE 5P {-m :" - }.
Comx

(C+NC? - x%) [x\/&_ NC? - x (1)J

Pl (Sl

A'(xy=BCo

222 (€A -2
_BCCHCE - 2( N *)
xH(CE - %) N o
] ch_xz
_BOCHNC -3 -2x‘°'+mr-———~g§j-—
2 2
FNC - 5P 2 Cz_xz 2 .2
| ~ONC =" 42" - (C - x7)
2_ .2 2
zBC((23+V’2C zx) O JEITE e
D (S N N o
f2 2\p
=——--———BC(C*; <o) sz—-C(Czwxz)mCZ\fC?'mxz]
P (A )’I
2 [z
BC(C";CQ':) ~ct oot -2ty
22(C? -z

To find the critical points for 0 < x < C, we solve:
25 = C* =P - x?
4x* 40 + 1 = CF = O
xt =307 =0
1 (4x* =3C%) =0
The minimum value of A(x) for 0 < x < C occurs at the

c3 o, 3¢t

critical point x = - orx’ = = The corresponding

triangle height is
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65, Continued

a-nmx= f(x)- f'(x)o x
EB%JC’*—JC“;EB%%;;

%)

B[
2 4
paBler 3, AT T

C 4 3c?
cJor -
4
3BC?
B{C 4
=B+— =i+
C(Z] c?
, 2
B 3B
=B+—+—
21
=3B

This shows that the triangle has minimum area when its
height is 3B, '

Section 4.5 Linerization and Newton's
Method {pp. 233~245)

Exploration T Appreciating Local Linearity

1\_\/—’

y= @2+ 0.0001) + 0.9
"Fhe function appears (o come to & point,

1 . f0)~ fla)
2 f@=n
- lim (x% +0.000D)" +0.9 - 0 +0.0001)"* +0.9)
X3 X— 0
~ lim (x*+0.000H"™ 0.1 _ 0
I X
Fx) is differentiable at x =0, and the equation of the tangent
lineis y = 1.

3. The graph of the function at that point seemns to become the
graph of a straight line with repeated zooming,

4, The graph will eventually look like the tangent line.

Exploration 2 Using Newton’s Method on
Your Calculator

See text page 237.

Ouick Review 4.5
dy 2 d 2
1~ =cos(x” D) ¢ —(x*+1)=2xcos{x” +1
oD k

f"g_)i_ (x+D(l—sinx)— (x+cosx)(1)
dx (x+ 1P
_X=xsinx+l-sinx—x—cosx

(x+1)?
_ 1—~cosx—{x+1sinx

(x+1?

T ———

e

B %arans o _
2, 6] by [-3,3]
x=~0.567

4, /

et
He- 322 A8Y |y=0
{4, 4] by [—10, 10)

x=-0,322
5. f')=)e )+ Hh=e" ~xe"
S0y=1
The lines passes through (0, 1) and has slope 1. Its equation
isy=x+1.

6 frx)={x - )+ =" —xe™"
fih=e' = (=e')=2e
The lines passes through (~1, —¢ +1) and has slope 2e.
Its equation is y = 2e(x + 1y + (—e+1), ory=2ex+e+1.

7.(a) x+1=0
x = -1

M)y 2ex+te+l=0
2ex=—(e+1}

w0684

e



8. fl(x)=3x2 4
F=312—-4=-1
Since f(1)=-2 and f'(1) = -1, the graph of g(x) passes
through {1, ~2) and has slope ~1. Its equation is
gy =~10x~ 1)+ (-2}, or g(x) =—x — 1.

x Fx) 8(x)
07 | -1457 -17
08 | -1688 | ~18
0.9 | -1871 -19
10 2 -2
1.1 ~2.069 2.1
12 | -2072 2.2
13 | 2003 23

9, f'(x)=cosx
f(1.5)=cos L5
Since f(1.5)=sin 1.5 and f'(1.5)=cosl.3, the tangent line
passes through (1.5, sin 1.5) and has slope cos 1.5. Its

equation 18 y =(cos1.5){(x ~ 1.5} +sin1.5, or approximately
y=0.071x-+0.861

{0, n] by {~0.2, 1.3]

10. For x> 3, f(x) =~

1
Ivx-3

f@y=tand f'(4)= -;—, the tangent line passes through

, and 80 f'(4) = % Since

(4, 1) and has slope é Tts equation is

1 1
=X —-4)+L ory=—x~—~1.
y 2( ) 5

i L

{~1,7iby[~2.2]
Section 4.5 Exercises

1L(a) fix)=3x"-2
Wehave f (2} =7 and F(2)=10.
L(x)= f(2)+ f'(2}(x~2)
=7+10(x-2)
=10x-13
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(b) Since f(2.1) = 8.061 and L(2.1} = 8, the approximation
differs from the true value in absolute value by less
than 107\

2. () f'x)= 2Zx)=

X
Vit +9

We have f(—4)=35 andf’(—4)n-%.

2\/x2 +9

L) = F-4)+ [ (- (x - (-4)
=5—§-(x+4}
9

4
=——xh
5.5

(b) Since f(~3.9)=~4.9204 and L(-3.9)=4.92, the
approximation differs from the true value by less than
1072

3.4a) f(0)=1-x7"
We have f(1) =2 and f/(1) = 0.
Lixy= f(H+ f'(x-D
=2+0(x-1)
=2
(b) Since £(1.1)  2.009 and L{1.1)=2, the approximation
differs from the true value by less than 10,

4.(8) F(x)= e

x+1
We have f(0) =0 and f(0)=1.

L{x)= fO)+ FO0Nx-0)
e+ 1x
=x

{b) Since f(0.1)=0.0953 and L(0.1)=0.1 the
approximation differs from the true value by less
than 10°%

5.(a) f'(x)=sec” x
We have f(#)=0andf'(m)=1.
Lix)= f(m)+ f(m)(x~7)
=0+ Hx~m)
=X~
(b) Since f(7+0.1y=0.10033 and L{z+0.1)=0.1, the
approximation differs from the true value in absolute

value by less than 107,

6.a) f(x)=——m

1-x
We have f(()}:% and f/(0) = 1.
L{x) = f{)+ /{0 (x-0)
=g+ena—m

n
=ox4 s
2
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6. Continued 13, x=1000
(b) Since £(0.1) = 1.47063 and L(0.1) = 1.47080, the , 1 o 1
approximation differs from the true value in absolute £7(1000) = g(}‘ooo) T 300
value by less than 1072, y=10+{1/300)(x -1000)
7o Fr00) = k(1 4+ x)¢! y=10~ ?51'6 =9.993
We have f{0)=1andf (0) =k
L(x)= f(O)+ F/O)(x—0) a=st 1
=1+ k{x~0) (/1) = — (R 1)V s —
e FE= @) =
i
8. (@) (1.002)'% = (1+0.002)'%° =1+ (100)(0.002) y=9+7(80-8D)
=12 ~9-L =894
y=9"1%

jl 0021 . 1.2! ~0.021 <10™!
15. Let f(x)=x°+x~1. Then f*(x)=3x +1and

() 31.009 = (1+0.009)" = 1+§(0.009) =1.003; flx,) % x —1
X =X - =X -
3 . ; . i+l n fr(xn) n 3x}2 +1
E 1.009«1.@03Es=9><10 <10 '

Note that fis cubic and f* is always positive, so there is

9. (a) F(x)= (-2 =1+ (o = 1+6(~x)=1~6x exactly one solution. We choose x, =0,
2 e} i = 0
(b} f(x)= T 2+ Cx)] = 20+ (D (X)) x, =1
Py 4 = 075
x, = 0.6860465
(€ flx)=1+xy"? zl.i.(_,lm)xgi_f_ 5 = 0.6823396
2 2 ‘ x, =0.6823278
173 x, =0.6823278
10. (@) flx)=(4+3x0)" =4 [1 + éf) Solution: x = 0.682328.
4
16. Let f(x) = x* 4 x -3, Then f’(x)= 4x> +1and
P P [ | T B
3 4 Fix) x*+x -3
xn-i—1=xn— ’ a ﬁxn_ - 3"
NG Fiix) 4x °+1
(b) F)=V2+x% = \/5(1 +%~J The graph of y= f{x) shows that f(x) = 0 has two
solutions.
2

E)as] 17
orolo] i) LY

-3 3} by [-—4) 4}

WHE(_ 1 }zi_ 2 % =-15 x =12
30 2+4x 6+3x x, =—1455 x, =1.6541962
1L =100 Xy ~—14526332  x, =1.1640373
. : xy = 14526269  x, =~1.1640351
Fao0= 5(100}"“2 = 0.05 x5 = ~1.4526269  x; ~1.1640351
f(100)=10-+0.03101-100) = 10.05 Solution: x = ~1.452627, 1.164035

12, x =27
) i 1 17. Let f(x)=x* —2x+1-sinx.
FaN=Z@n"" == Then f/{x) = 2x —2cosx and
3 27

F@RTY=3+(1/2D(26-27)

(x ) x 2 =2x +l-sinx
y;:3——2—]l—‘;22.§_6§ xnﬂﬂx ...f : =X # ~ *

o) 2x —2-cosx,




17, Continued
The graph of y = f{x} shows that f(x)= 0has two

solutions
_/

v

(-4, 4] by -3, 3]

=0.3 x =2
%, ~0.3823699 x, ~1,9624598
={(.3862295 x, = 1.5615695
x, = 03862369 x, =1.9615690
=0.3862369 x, =1.9615690

Solutions: x = (,386237, 1.961569

18. Let f(x)=x* 2. Then f'(x) = 4x* and
fix) x -2
X =X e o .
e+l n f (x ) " dx 3
H

Note that f(x) = 0 clearly has two solutions, namely

X i%. We use Newton’s method to find the decimal
equivaients
=15
=~1.2731481
~i 1971498
=~1.1892858
=1.1892071
¥, =1.1892071
Solutions:x = +1.189207

m&b)l\)"‘“

19. (a) Since % =3z =3, dy = (3x° —3)dx.

(b} At the given values,
dy=(3+2* - 3)(0.05) = 9(0.05) = 0.45.

a'y (bt %) (2) ~ (2x)(2x) 2-2x*

20, (a) Since ,
dr (i+x%)? (1+x*)?
a2
dy= 2-2x
(1+x%)?
(b) At the given values,
— — 2 ——
dy= _2___2_(_3)._(0, D= _2__._§.(9. D
[1+(=2°P 5
= —0,024.

21. () Since % = (xz)[i]wnx){zx) =2xInx+x,
. X

dy=(2xx+x)dx.

{b) At the given values,
= [2(1) In(1) + 1X0.01) = K0.01) = 0.01

Section 4.5

22. (a) Since Ex— (x)( \E—“J 223+ (Vl-x ){1)

2 22 4.2
:mm_’fmm+ 1o y? = x4 (1 x}wl 2x ,
I—x? R \/l—x2 \/1—~x2
dy 1-2x .
——
2
(b) At the given values, a’y-—1 20) {-0.2)=-0.2.
J1-(0¥
dy

23, (a) Since o = ™" cosx, dy = (cos x)e™ *dx.

(b} At the given values,
dy = cos ) (€™} (~0.1) = (DD (-0.D = 0.1.

24. (a) Since gx:ﬁcsc 1- 2 ot 1-5 L
elx 3 3 3

= C8C 1»»-i cot 1mff, R
3 3
dy=cscl 1~ |cot] 1-= |dx.
3 3

(b) At the given values,

1 1
dy = 1-— icotf 1= (.1
y csc{ 3}co [ 3)( )]

={.1csc %cot% = ().205525

25. (@) y+xy—-x=0

yl+x)=x
=
x+1
Since dy _(+DD-@) _ 1 ,
dx (et (x+1?
dy= dx .
(x+1)°

(b) At the given values,
.01
0+1)7°

dy = =0.01.

26. (a) 2y =x" —xy
2dy = 2xdx — xdy — ydx
dy(24+ xy=(2x -~ y)dx

(b} At the given values, and v = 1 from the original
22 -1

-0.05 .
o 2}(00) -0.0375

equation, dy = (

201
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27, Z 1o
dx

a’=[w~ 2x de
21— %2

dy =~
T2
28. Q=e5x+x5
dx

dy= (5" +5x*)dx

20, Yy 4x
dx
d 1 du
—fan u= —
dx 1o dx
u=4x :
du_,
dx
dy=[ 4 ]dx

1+16x*

30. E’i=(8"+x“)
dx
d X X
—a" ={(na)a
dx

dy=(8" In8+8x")dx
31 (a) AF = F(0.1)- f(0)=0.21-0=0.21
(b) Since f/(x)=2x+2, f/0)=2,
Therefore, df =2 dx = 2(0.1)=0.2.
(© |Af— df|=[021-02)=0.01
32.(a) Af = QLD - f(1)=0.231-0=0.231

(b) Since f'(x)=3x% -1, f(H=2.
Therefore, df = 2dx = 2(0.1) = 0.2.

(©) |of ~df| =|0.231-02]= 0.031

33.(a) Af = f(0.55)- £(0.5)= ?—?4 - _1_21

(b) Since f(x) =272, f(0.5) = —4.
Therefore, df = —4dx = -4(0.05)=-0.2= -é

© |Af—df1=£—-12—1+i !

s| 35

34, (@) AF = F(.0D~ £(1) = 1.04060401 - 1= 0.04060401
(b) Since f/(x)=4x", /(D=4
Therefore, df =4 dx = 4(0.01) = 0.04.

© ;Af - clfl = }0.04960401 - 0.04] = (.00060401

35, Note that g’- = 4xr?, dV = Azr*dr. When r changes from
'a

a to a + dr, the change in volume is approximately
4ma’dr.

36, Note that %73 =87r, 50 45 = 8xrdr. When r changes from
¥

4 10 a + dr, the change in surface area is approximately
8xadr.

37. Note that %x‘i =3x2, 50 dV =3x” dx. When x changes from

@ to a + dx, the change in volume is approximately
3a? dx.

38. Note that 5—3 =12x, 50 dS =12x dx. When x changes from

a to & + dx, the change in surface area is approximately
12a dx.

39. Note that %‘—/- =25k, so dV = 2%k dr. When r changes
r

from a to g + dr, the change in volume is approximately

40, Note that g% =2xr, 50 dS = 2rr dh. When h changes from

a 1o a + dh, the change in lateral surface area is
approximately 27r dh.

41. A=gr?
dA = 2ardr
dA = 272(100.1) = 6.3 in*

8. v=2gs
3
dv = 4nrtdr
dV = 4mBY (0.5 =241 in®

43, v=45
4V = 35ds
dv =3(15)%(0.2) = 135 em?

5

dA = —2—3-(20)(0.5) =8.7 cm®

45, (a) Noie that (M =cosO=1.
Lix)= f(O)+ F(OXx~0)=1+lx=x+1

®) FO.D~LO.D =11



45,

Continued

{¢) The actual value is less than 1.1, This is because the

46.

47.

48.

49,

derivative is decreasing over the interval [0, 0.1], which
means that the graph of f(x) is concave down and lies
below its linearization in this interval,

{a) Note that A =nr> and gé = 27tr, 50 dA = 27r dr.
r

When r changes from ¢ to a -+ dr, the change in area is
approximately 2ma dr. Substituting 2 for g and 0.02 for dr,
the change in area is approximately

27(2)0.02) = 0.087 = (0.2513

dA 0.08x

b) —= =0.02=2%
A 4
Let A = cross section area, C = circumference, and
D = diameter. Then D= g«, sogE e i
i3 ac =

1 pY cY ¢
anddD =—dC. Also,A=xn| —| =g} — | =2,

T 2 2 4z
$0 ﬁ{’*__ = ,Em and dA = wcn:wdC. When C increases from

aCc 2z 2

10x in. 1o 107 + 2 in. the diameter increases by

dD= l(2} = 2 ={).6366 in. and the area increases by
b3 b4

approximately dA = -IEOE(Z) =10 in®.
7

Let x = edge length and V = volume. Then V= x°

s0dV =3x" dx. Withx=10cm and dx =0.01x = 0.1 cm,

we have V= 10°= 1000 cm® and

av= 3(10)*0.1)=30 am®, so the percentage error in the
volume measurement is approximately

, and

v 1000 -
Let x = side length and A = area. Then A = x* and

% = 2%, 50 dA = 2x dx. We want ;dAl %0.024, which
gives [2xdx] £0.022%, or |dx| < 0.01x. The side length
should be measured with an error of no merte than 1%.

For 8=75%= % radians, we have

|26] < 0.04 sm%;icos% =0.01 radian. The angle should be

measured with an error of less than 0.01 radian (or
approximately 0.57 degrees), which is a percentage error of
approximately 0.76%.
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50. (a) Note that V = 77>k = 107 = 2.52D%, where [ is the

interior diameter of the tank. Then % =5nD,
sodV =5zDdD, We want [dvl <0.01V, which

gives [S7DdD| <0.01(2.57D%), or |dD| < 0.005D, The

“interior diameter should be measured with an error of no

more than 0.5%.

{b) Now we let D represent the exterior diameter of the
tank, and we assume that the paint coverage rate
(number of square feet covered per gallon of paint) is
known precisely. Then, to determine the amount of
paint within 5%, we need to calculate the lateral surface
area § with an error of no more than 5%. Note that

S=2arh=10xD, so g% =10 and dS = 10z dD. We

want |dS| < 0.05S, which gives [t0rdD| < 0.05(107D),

ordD £0.05D. The exterior diameter should be
measured with an error of no more than 5%.

81, Note that V=7r2h, where & is constant. Then 55’—/ =2mrh.

”
The percent change is given by

v _2mhdr _dr_,0.1%r
v nreh F r

= {).2%.

52. Note that % =37h*, so dV = 3mh® dh. We want

lav|<0.01v, which gives f3xh2dh| <0.01(zh%),

0.01h
3

or ;dhl < . The height should be measured with an

error of no more than %%.

53. Since V= %m{ we have

2
dv = dnridr = dnr® 1 = L, The volume error in
lom 4

2
each case is simply Z«ins’.

Sphere True Tape Radius Volume
Type Radius error Error Error

Orange 2in, 1/8in. | 1/16x in. tin?

Melon 4 in. 1/8in. | 1/16min. 4in?
Beach 7 in. 1/8in, [ 1/16zin. | 12052
Ball
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54, Since A= 4m~2, we have dA = 8xrdr =8nar A = L.
16z ) 2
The surface area error in each case is simply % in?.
Sphere True Tape Radius Volume
Type Radius Error Error Error
Orange 2. | 1/8in. | 1/16min. | 3in?
Melon 4in, | 1/8in. | V/16zin. | 2in?

Besch Ball | 7in 1/8in. | 1/16min. | 3.5in2

55. We have d_ﬁE = ——bg—2 , 80 dW = wbg'zdg.
dg
aw _ 72 2
Wmoon W =320 3787, The ratio is
aw_ . -b(32)*dg 527

about 37.87 to 1.

Then

56. (a) Note that T =277, 5o %?— =gV and
2

ar =-xl*g Vg,

{b) Note that 4T and dg have opposite signs, Thus, if
g increases, T decreases and the clock speeds up.

(e} —nt) 2g""a’{ *dgedT

—2(100)"? 980y Y2 dg = 0.001
dg ~~0.9765
Since dg =~ ~0.9765, g ~ 980 0.9765 = 979.0235.

57.True. A look at the graph reveals the problem. The graph
decreases after x=1 toward a horizontal asymptote of
x=10, so the x-intercepts of the tangent lines keep getting
bigger without approaching a zero.

58. False. By the product rule, d{uv) = udv + vdu.

59.B. fx)=¢"
frxy=e
L{xy= e +é {(x~1)
L(x)y=ex
60. A. y=tanx
dy = (sec? x)dx = (sec” m)0.5
dy=-023

61.D. flx)=x—x"+2

Fr(xy=1-3x*
Jc,,xn3+2
To1-3x)?
- +2
=l
1-3(1)
M2M2W(2)3+2_18

= _18
} =32 1t

KXopg =%

62.A. f(=3x, x=64

1
48.
366 = 4+--(66-64)
48
3/—6—6— = 4,042
The calculator retwrns 4.041, or a 0.01% difference.

63.1f f'(x)#0, wehave x, =x - ;’(é‘)) =x - f’?x ; =X,
1 1

and all later approximations are also

F64) = %(64)“2/ Sa

Therefore, X, =X,

equal to x,.

, 1
64, If x§=h, then f(xi)=“2“;:{7; and

h1/2
X, =h- ) wh—2h=-h If % =-h,then

2w
1 h:/z
fix)=—— and x2=-h- =—h+2h="h
20 _
5 h1/2
P X
[~3, 3] by [~0.5, 2]
. oo
65, Note that f'(x) = —gx and so
13
X X
xrﬁ-i = xn - f;( ”) = xﬂ - 17..2]3 = xl’l - 3x.’! = "2.xﬂ. For
fix,) X,
3
x =, we have x, = -2, X, =4, X, = -8, and

Xy = 16 Ixnl =251

= =
{~10, 103 by [~3, 3]
66. (2) i Q(a)=f(a) implies that b, = f(a).
ii. Since Q'(x}=b +2b,{x~a), Q(a}=f ‘(a) implies
that b, = f'(a).

-*
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66. Continued : x x2
. " " . ) The quadratic approximation is Q(x) =1+ = ",
iii, Since Q"(x)=2b,, Q"{a}= f"(a) implies that 2 8
PR C) o
b2 ]
Fr(a)

In summary, b, = f(a), b = f (@), and b2 =——2—.

[-1.35, 3.351 by [-1.25, 3.25]

w1
® f’(x) ={-x) 2 2 As one zeoms in, the two graphs quickly become
Foy==1-x"(-1=0-x indistinguishable. They appear to be identical.
Fr) == 20 =D = 20— 2y o - .
. , " - () The linearization of any differentiable function u{x} at
Since f(Oy=1, f(0) =1, and f7(0) = 2, the coefficients are x=ais L) = u(@)+ u'(a)x~a) = by + by (x— a), where
by and by are the coefficients of the constant and linear

terms of the quadratic approximation. Thus, the

by=1,b =1 and b, = %: =}, The quadratic approximation
lincarization for f(x} at x = 0 is 1 + x; the lineatization

i - 2
is Q) =1+x+x", | for g(x) atx=11is 1 — (x— 1) or 2 — x; and the
“ / lincarization for hi(x) at x =0 is 1.,.%_

67. Finding a zero of sin x by Newtor’s method would use the
e sin(x )

recuzrsive formula Xoa=% - =x --tanx ,and that

£-2.35, 2.351 by [1.25, 3.25] 1 " COS(xn) " n
As one zooms in, the two graphs quickly become is exactly what the calculator would be doing. Any zeto of
indistinguishable. They appear to be identical. sin x would be a multiple of 7,
@ glx)= P 68. Just multiply the corresponding derivative formulas by dx.
gx)y=—2 4
¢ (x) =2 £ (2) Since E;(C) =0, d{c) =0,

Since gh=1Lg'(N=-1, and g"()=2, the ‘
, d dn

) (b) Since — (cu)=c—, d(cw) = du.
coefficients are & =1, =~1, and b, = 5 =1. The dx dx

. d du  dv
quadratic approximation is Q(x) =1-(x— 1+ (x—1)%. (© Since —(utv)=—rt =, duvy=dutdy

{d) Since —q—(u . v)=u£g%vi%, diue vi=udv+vdn
dx de  dx

vdu " dv
o . dlu dr  dx ) vdu-udv
[-1.35, 3.35] by I~1.25, 3.25] (e) Since Ex'{;)” I d N 2
As one zooms in, the two graphs quickly become
indistinguishabie, They appear to be identical {f) Since ii. W = ™! fulff‘ d™y= " e,
e) A(x)=(1+x""
© Ax)={1+2) . tanx , sinx/cosx
. 1 i 69, lim —— = lim ————~>
M{xy=—(1+x) =0 X x-sd x
h” . ? 1 1 -3 = Eim I g{l_-x__
{J‘C)——Z( +x) =0\ cosx x
1 sinx
: -l .
Since A{0)= I,h’(O)zE, and I1”(0)=wi~,the Jifé cosx }ff(l) X )

={)=1

.
coefficients are b, =1, b, = —1~, and b, = . _}“.
2 2 &
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0. gla)y=c, woif E(a) =0, then gla)= f{a) and ¢ = f(a).
Then E(x) = f(x)~g{x)= f{x)— flay—m(x—a)

Thus, 20 _fW-f@
X~ x—a

i FO=T@ | e o i B

aex—da

E(x}

X—-a

= f'{a) — m.

x—a XxX—a

Therefore, if the limit of

g (x) = L{x).

is zero, then m= f'{(a) and

. fr(x)=

+ 008X
20x+1

We have f(0)=1and f/(0) = —z—

L(x)= f(0)+ f(0)(x—~0)

ﬂ1+w?ix
2

The linearization is the sumn of the two individual

. . . 1 [
linearizations, which are x for sin x and 1+ Ex forvx+1.

Section 4.6 Related Rates (pp. 246-255)
Exploration 1 Sliding Ladder
1. Here the x-axis represents the ground and the y-axis
represents the wall. The curve (x,,¥,) gives the position of
the bottom of the ladder (distance from the wall) at any
time tin 0£¢<5. The curve (x,, y, ) gives the position of
the top of the ladder at any time in <7 <5,
2,055
4, This is 2 snapshot at = 3. 1. The top of the ladder is
moving down the y-axis and the bottom of the ladder is

moving to the right on the x-axis. The end of the Jadder is
accelerating. Both axes are hidden from view.

-1, 151 by [~1, 15]
dy —4T

dt B /102 w(2T)2

7. ¥(3) = —4.24 fifsec®, The negative number means the
ladder is faliing.

8.Since Hm  y'(r)= —oo, the speed of the top of the ladder
->{(13/3y~

is infinite as it hits the ground,

Quick Review 4.6
L D=0 +(0- 5 =49+ 25 =474

2. D=J(b—0)2+{0—a)2 eJa? b2

3. Use implicit differentiation.
d g, d
—(2ay+ ¥ )= (xk
E (Qry+yTy=—-(x+3)

dy dy dy
2x =4 2y(D+ 2y == () + =
i y(+2y &)

dx

dy
2x+2y—~1)F=1-2
(2x+2y }dx ¥

dy  1-2y

de 2x4+2y-1

4, Use implicit differentiation.
f;cxsiny) - fx—a—w}
<x)<cosy}% +@n 1) = -—x% _—

dy .
+ X 008§ y) i = ey~ SiN
(x xoy)l ysimy

dy_ -y-siny
dx  x+xcosy
dy . ytsiny

dx  x+xcosy

5. Use implicit differentiation.

gmxz—itan
&t T
dy
2x=sec? y—=-
X ydx
dy _ 2x
dx seczy
g-)-)—ﬂ2xcoszy
dx

6. Use implicit differentiation.

d. . d
~—In(xy)=—-(2x)

_1__.(1+.4.XJ=2
x+y dx
1+ii~x—2(x+ )
e Y
@:21:‘?2);‘«1
dx

7. Using A(-2, 1) we creats the parametric equations
x=-2+atand y= 1+ bt, which determine a line passing
through A at t = 0. We determine ¢ and b so that the line
passes through B(4, ~3) at t = 1. Since 4 = -2 + g, we have
a =6, and since ~3= 1 + b, we have b =~ 4. Thus, one
parametrization for the line segment is x =—2 + 64,
y=1- 4,0 £+ < 1. (Other answers are possible.)

/""-‘-\\‘
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8. Using A(0, -4), we create the parametric equations da df1l .
x=0+at and y = ~4 + br, which determine a line passing 6. e Z{t"["z"ab sm 9)
through A at £ = 0. We now determine a and b so that the
line passes through B(5, 0) at £ = 1. Since 5= 0 + g, we have e R d .

s T e f e » & + - ————

a=>5, and since 0= ~4 + b, we have b = 4, Thus, one dr o\ thremOrer g rsnfrabe Tsing
parametrization for the line segment is x= 51, y= -4 + 41,0 dA 1{ . _da . o db d6
<:< 1., (Other answers are possible.) ' a2 bsm@—a?t— + asmﬂzt—+ ab cose—d—

9. One possible answer: % << §2f_ 7.(a} Since V is increasing at the rate of 1 volt/sec,

av

— = 1 voltfsec.

. 3w dr

10. One possible answer: =~ <1 <27
2 (b} Since 1 is decreasing at the rate of

Section 4.6 Exercises % amplsec, % = __;_ amplsec.
. dA dAd dA d)
1. Since = e E}"?E;" we have E‘t— = 27tr;!—3, (c) Differentiating both sides of V= IR, we have
av_ R R4
2. Since %? = %5;%, we have %’E = Snr?. e drdr
4 i t (d) Note that V = IR gives 12 =2R, 50 R = 6 ohms. Now
3. (a) Since dv _dv dh we have av =2 dh substitute the known values into the equation in (c).
di  dh dt’ dr dr’ AR 1
1= 2Et-+6 -3
(b} Since iiy— = gy—ﬂ, we have E,K = ankﬂ.
dt  drodt dt dt - 2dR
v _d_,, d, 3 dt
© G=g™ =T h %’; = %ohms/sec
dv 2 dh dr
e = | e e B2 Y e , . 3 Vs "
dt dt dr R is changing at the rate of 3 ohms/sec. Since this
dv 2 dh dr . . s ; ‘
>y =Ry Q";‘"’“ anh:&m value is positive, R is increasing.
8. Step 1:
4. (2) ar = i( RI%) r = radius of plate
dt dr . ' A = area of plate
_‘EmRilz.g.[ng. Step 2:
dt dt dt dr
daP &l 21 dl Nz ar At the instant in question, == 0.01 cm/sec, r = 50 cm.
dt dt dt Step 3: g
P g p®R o dA
dt dt dt We want to find o
(b} If P is constant, we have @ = (), which means Step 4:
dt A=mrt
2RI~‘£+IZ§F-=:O, oriﬁi:——z—ﬁfii:-gﬁﬂ. Step 5:
dt dt at Ide Pt
da dr
ds d 2 2 2 g; =2 r“&}”
TR LR Step 6
dS 1 d 2 9 2 dA 2
il S w2 (50X 0.0 = x /
e A
' At the instant in guestion, the area is increasing at the rate
ds 1 ( de _, dy dz) 2
e 22 e | D e DY A D7 of zem” /sec.
dr 5 /x2+y2+zz dt dr
dx  dy  dz
ﬂ _ X '“é“; + y*&? +Z ""&“t”

d ey et
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9. Step 1:
1= length of rectangle
w = width of rectangle
A = area of rectangle
P = perimeter of rectangle
D = length of a diagonal of the rectangle
Step 2:
At the instant in question,

El = -2 cm/fsec, f{!ﬁ =2 emfsec, [=12 cm, and w=3 cm.
dt dr

Step 3: ‘
We want to find Qfﬁ,ﬁ{i, and 312
de " dt dt
Steps 4, 5, and &:
(ayA =lw
dA  dw  dl
Dy Dok AV
dt dt dt
dA

i (12)(2)+ (5(~2) = 14 cm* fsec

The rate of change of the area is 14 cm®/sec.

(b P=2{+2w
dP dl . dw
et G e e B e
dt dt ot
dP

e 22 =2 4 202) = 0 cinifsec
dr

The rate of change of the perimeter is ¢ cm/sec.

© D=viE+uw?

lf{{.;. Edm‘ﬁ
av_ 1 {, £5+2ng}wm
di I + w2 dt dt ,£2+w2

db _12(2+06x2) 14

dt 12?45 13

The rate of change of the length of the diameter is

—Hli cmy/sec,
13

(d) The area is increasing, because its derivative is positive.
The perimeter is not changing, because its derivative is
zero. The diagonal length is decreasing, because its

derivative is negative.

10. Step 10
X, y, z=edge lengths of the box
V= volume of the box
$ = gurface area of the box
§ = diagonal length of the box

Step 2:

At the instant in question,

dx dy dz

= =1 mfsec, — = -2 mfsec, — =1 m/sec, x = 4m,
dt dt dt see,x=am

ye=3m, and z=2m.

Step 3: <

We want to find ﬂ,ﬁ, and fiw{. .
dr dr dt

Steps 4, 5, and 6:

(a) V=xyz

%}f = (43 + (A2H-2)+ (32NN =2 m® fsec

The rate of change of the volame is 2 m® fsec.
(b) 8= 2(xy+ a7+ yz)
ds dy  drx dz dx  dr dy
o xFhy— xS gt y—t 7=
dt [xdt TR TR Za’z]
ds
o 2AAN-2) + (3D +AXD + (2K
+2Y D+ A+ 2X-D)=0 m?/sec

The rate of change of the surface area is 0 m? fsec.

(©) s=+x"+y" +2°
ds _ 1 (2xa’x dy 2zdz}

RPN

{x2+y2+22

_ [
ds _HW0+GX-D+n _ 0 _ oo g

dt 4243292 V29
The rate of change of the diagonal length is 0 m/sec.
11. Step 1:
r= radius of spherical bailoon
$ = surface area of spherical balloon
V = volume of spherical balloon

Step 2:

. . . av 3, .
At the instant in guestion, —Jl— = 1007 ft”/minand =5 fi.
Step 3:

We want to find the values of ii-r— and 5&
dr dt

Steps 4, 5, and &

4 4
a) V= -1
(a) P
CAARpYs
dt dt
1007 = 4m(5)° ar
dr
dr
~— =} fi/min
dt

The radius is increasing at the rate of I ft/min.



11. Continned

(b) §=dnr?
as dr
v =2 Sﬂrm
dt dt
dS
= 873X
o (5%1)
95 _ 407 82 / min
dr
The surface atea is increasing at the rate of 407
fi? /min,
12, Step 1:

r = radius of spherical droplet
S = surface area of spherical droplet
V = volume of spherical droplet

Step 2:
No numerical information is given.

Step 3:

dr ,
We want to show that — is constant,

Step 4:
2 4 3 dv
S=dmr-,V = “3“75?‘ e = kS for some constant k
Steps 5 and &:
Differentiating V = 51~:'rr we have v =dxr’ dr
3 dar dr

Substituting &S for %—? and § fordmr?, we

have kS = Sé: or S§=k

13, Step 1:
§ = (diagonal) distance from antenna to airplane
x = horizontal distance from antenna to airplane

Step 2:
At the instant in question,

5 =10 mi and %=3GO mph.

Step 3:

We want to find ﬁlﬁ
dr

Step 4

x5 449 =57 orx=+s* 49

Step 5:

dx _ ( ds ] dt
& Zx/m «/_—_ a

Step 6:

dx 10 3000

(300) = mph = 420.08 mph

@ Jos L

The speed of the airplane is about 420.08 mph.
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14. Step It
Kite

J00f

Inge +

= length of kite string
x = horizontal distance from Inge to kite

Step 2:

dx
At the instant in question, — A =25 ft/sec and 5= 500ft
Step 3:

We want to find 9:{
dt

Step 4:
X% 43007 = 52
Step 5:
dx ds dx ds
X e 22 QG e QO K e 2§ e
dr dt . dt
Step &

At the instant in question, since 2 +300% = sz, we have

x=+(s? =300 =4/500% - 3007 = 400.
ds

ds ds
Thus (400%25) = (500)— —_ = 20} ftfsec.
ws (400%25) = (500) PRl e 20 ft/sec. Inge

must let the string out at the rate of 20 ft/sec.
15. Step 1:

C

6 1.

I

T
The cylinder shown represents the shape of the hole.
r = radius of cylinder
V = volume of cylinder

Step 2:
dr_000%im. 1 ..
dt 3min 3000

and {since the diameter is 3.800 in.), r= 1.900 in.

At the instant in question,

Step 3:

We want to find 9’_‘_{
dt

Step 4

V = (6) = 6rr”

Step 5
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15.

16.

Continued

Step 6:

W 1220.900) — 1= 227 < 000767
dt 3000 ) 2500

~0.0239 in* /min.

The volume is increasing at the rate of approximately
0.0239 im’ /min,

Step 1:

Lo

r=base radius of cone

h = height of cone

V = volume of cone

Step 2:

. . . av 3, .

At the instant in question, ~=4 m and — = 10 m” /min.

Step 3:

We want to find dh and f-i_r—
t dt

Step 4:

Since the height is % of the base diameter, we have

h=—§(2r) ar r=—*~43—h.

2 3
We also have Vr%nrzh:%ﬂ(ih) h = 167k . We will

3 27
3
use the equations V= 1omh and r= %h
Step 5 and &:
dv _ 16mh* dh
(@) —= -
dt @ dt
2
Lo 168 dh
: 9 4t
. w@wm min = Hggcm/mia
dr 128w 32x
The height is changing at the rate of
1125

e 12 11,19 c1 /303,
Px

(b) Using the results from Step 4 and part (2), we have

dr 4dnh 4(1125) 375 .
— e ] ot | e O R,
dt 3dt 3\ 3m 8=

The radius is changing at the rate of
373

— = 1492 e/ min.
g

17. Step 1:

o
r = radins of top surface of water
# = depth of water in reservoir

V == volume of water in reservoir

Step 2:

At the instant in question, %‘{— =50 mfmin and £=5 m.

Step 3:

We want to find —iiji and 5{5
dt dt
Step 4:

Note that L = :% by similar cones, sor = 7.5k
r

Then V= ém% = %ﬂ:('l.Sh}zh =18.751h°

Steps 5 and &:

(a) Since V = 18.7574° ,ﬁ = 56.25mh? ipﬁ.
dt dr

Thus ~50 = 56.25%(52)%, and

0 ifi = _——8—-— m/min = -—22— cnvmin,
dr 225m 9z

The water level is falling by g-% = 1,13 cm/min.
7

{Since %l;“ <0, the rate at which the water level is

Jfalling is positive.)

(b} Since r = 7.5h,£]: =7.5 Efﬁ— = _5% cm/min. The rate of
dt dt 3z
change of the radius of the water’s surface is
80

- = —8 49 Cm/tain.
3

18. (a) Step -
vy = depth of water in bow!
V' = volume of water in bowl

Step 2:
. . . dv 1,

At the instant in guestion, - =6 m fmin and
y=8m,
Step 3:

) dy
We want to find the value of T
Step 4: '
V= §y2(39~—y) or V=13zy -—1;—3;3

PN



18. Continued
Step 5:
dv s dy
— =260y -y )—
7 (26my—my )dr
Step 6
dy
~6=] 2670(8) - n(8%) | =
[267®)-n8) |7
dy
—6 = 1445 =
dt
dy 1 .
i 183 e e 22 (), (11326 /)
o Sim ~0.01 min

or — 3'2 = ~1,326 cm/min
6r

(b) Since r? + (13~ y)? =132,
r= 169 (13~ y)? =26y ¥2.

{c) Step 1:
y = depth of water
r=radins of water surface
V= volume of waler in bowl

Step 2:
o _ . av 3,
At the instant in question, o ~6 m°/min, y=8m,

and therefore (from part (a)) EIX = ——1- m/min.
dt 24z

Step 3:

We want to find the value of %

Step 4:
From part (b), *=4/26y— yz.
Step 5:
L SN S I
dt ) f26y_y2 dt fzéymyz dt
Step &
d__13-8 (1) 5( 1
dt f26(8)_82 =247 12 24n

5
=~ = —{},00553 m/min

2887w
125

or ———=—.553 cy/min
rs

19, Step 1:
x = distance from wall to base of ladder
y = height of top of ladder
A = area of triangle formed by the ladder, wall, and ground
6 = angle between the ladder and the ground

Step 2:

At the instant in question, x = 12 ft and % = 5 ft/sec.
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Step 3:

We want to find ——'Ez_)—;,ﬁ, and f?_
dy dt dt
Steps 4, 5, and 6:
@) x*+y* =169
dx dy
2x—+2y—=0
dr ya‘r

To evaluate, note that, at the instant in question,

y=169— % =169-12% =5.
Then 2(12)(5)+2(5)%=0

dy dy
=12 ———w= 12 fifs
= SeC [or & ftfsec)

The top of the ladder is sliding down the wall at the rate
of 12 ft/sec. {Note that the downward rate of motion is
positive.)

i
(®) Aw"z'lj’

dA M dy dv

= [UESIFES Pt
dt 2[" @ dr )

Using the results from step 2 and from part (a), we have

4 _Laoy- AL
o = 5 [2K12) + (K = === ¥ fsec. The area of

the triangle is changing at the rate of ~59.5 #° fsec.

(¢) tn® =2
X
O
wclpdl . at Y
dr xz

Since wnf= »gm, we have
12

(for059<%)cose=l%andsosecze ! =169

13 12y 144
13

Combining this result with the results from step 2 and
16946 _ (12X-12)-(5KS)

from part (a), we have

144 dr . 122
de . . .
Z = —1 radian/sec. The angle is changing at the rate
of -1 radian/sec.
20, Step 1:

= height (or depth) of the water in the trough
V= volume of water in the trough

Step 2:

At the instant in question, % =25/ /min and h=2 ft.
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26,

21

Continued

Step 3:

We want to find C—iﬁ
at

Step 4:

The width of the top surface of the water is %h, 50 we

have V= -;n(h)(gf«h)(ﬁ}, or V = 104*

Step 5:
CARPIAL

dt dt
Step 6:

dh
2.5=20(2)—
@

dh 1
A 0.0625 s v i
7 0.06 P f/min

The water level is increasing at the rate of I% ft/min.

Step 1:

{ = length of rope

x = horizontal distance from boat to dock

8= angle between the rope and a vertical line

Step 2:
At the instant in question, %z -2 ftfsec and =10 fi.

Step 3:

We want to find the values of mﬁ and flﬁ
dt dt

Steps 4, 5, and 6:

(a) x=+I*-36

a_ I 4

dt ,fl?- —36 dt

& _ w“_lg__(_g) =-2.5 fifsec
dt \10* -36

The boat is approaching the dock at the rate of
2.5 ftfsec.

{(b) 9=cos_1~?~
01 (&)
dt 1;« §_ 2% 2 jdt
i
de 1 6 3 )
LA S S P SR A
dt {_1—_0“.-6.2[ 102 ]( ) > ™ ian/sec

The rate of change of angle @ is _5% radian/sec.

22.

23

Step 1:

x = distance from origin to bicycle

y = height of balloon (distance from origin to balloon)
& = distance from balioon to bicycle

Step 2:

We know that %{m is & constant 1 ft/sec and % isa

constant 17 ft/sec, Three seconds before the instant in
question, the values of xand y are x = 0 ft and y = 65 ft.

Therefore, at the instant in question x=51 ft and y = 68 ft.

Step 3:

) ds \ . .
We want to find the value of = at the instant in question,

Step 4:
s=yx?+y?
Step 5:

xﬁ»&yﬂ
a1 f(pedx o odv) Ta
dt g f2ep\dr [ 442
Step 6:

ds _ (STX17) -+ (68) 1)

dt 5124682

The distance between the balloon and the bicycle is
increasing at the rate of 11 ft/sec.

=11 fifsec

dx
e T 00+ 62 () e —
dt  dt dt A+ (x)a'r (I+x>) dt

Since % = 3cm/fsec, we have

dy_ . 60x

dt (1+xPP

(a) %:—E%m%z%mﬂm
LSS (ffé?}z =0 crsec

© %y;wzf%%mo.om% cm/sec

Since ﬂ;xm =-2 ¢mfsec, we have EX =8—6x" crfsee,
' St : Codr

{a) % =8—6(=3) =46 crnfsec

) -‘5{; =8~6(1)° =2 cmisec

© % =8 - 6(4)* =88 cm/sec

2T

Fain



25,

26.

Step 1:

x = x-coordinate of particle’s location

y = y-coordinate of particle’s location

8 = angle of inclination of line joining the particle to the
origin.

Step 2;

At the instant in question,

-di=10 m/sec and x =3 m.
dt

Step 3:

We want to find ii_ﬂ_
dt

Step 4
y_x
Since y= xz, we have tan @= %=~ =x and so,

X X
forx>0,

g=tan"  x.

Step 5:
o__1 &

dt 14.x% dt

Step 6:

i = ——I—(IG) = | radian/sec

dat 1+3*
The angle of inclination is increasing at the rate of
1 radian/sec.

Step 1t

{x, 3
B )
\N\

x = x-coordinate of particle’s location

¥ = y-coordinate of particle’s location

# = angle of inclination of line joining the particle to the
origin

Step 2:

At the instant in guestion, % =--8m/secand x = —4m.

27.
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Step 3:
We want 1o find i R
dt

Step 4:

Since y=\f-_x’ we have mg;l; vk :(_x)—iﬂ,
X X

and so, forx < 0,
8 =7+ tan  —(-x)"*] = - tan "' (-x)" 2,

Step 5:
de ] Lo dx
2Y | e 2 O hoad
dt 1+[(—x)'”2]"(( PR )Ja’t
L
i-{lJ 2e-x)? dt
x
S S .
Wx(x-1y dt
Step 6:
40 1 2 .
E_;m(ws)—g radian/sec

The angle of inclination is increasing at the rate of

2
§ radian/sec,

Step I:

r = radius of balls plus ice

S = surface area of ball plus jce
V = volume of ball plus ice

Step 2:

At the instant in question,

dv . 3, . 3

= =-8mb/min = -8 cm’ fminandr = 5(20)= 0cm.
Step 3:

We want to find —wﬁ.
dt
Step 4:

4
We have V = —3—75:"3 and § = 47r°, These equations can be

3 y
combined by noting that r={ ~— | |, s0 §=4x| S
4 4

Step 5
a5 _ a2 VY3 av (v av
dr 30 4x 4r ) dt 4w dt

Step 6:

Note that V = iﬂ-(] 0y = @_Qgit_
3 3
ds 3 4000 Y " 16
it 22 . —8) e = ] § 2/ .
e

. das . -
Since - <0, the rate of decrease is positive. The surface

area is decreasing at the rate of 1.6 cm® /min.
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28. Step 1: . Step 6:

x = x-coordinate of particle ds 3
y = y-cootdinate of particle 7 s (~5) = ~3ftfsec
D = distance from origin to particle The shadow length is changing at the rate of -3 fi/sec.
Step 2: 30, Step 1:
At the instant in question, x=5m, y=12m, s = distance ball has fallen
dx - ~1 mfsec, and a = —5 misec. x = distance from bottom of pole to shadow
dt dt Step 2:
Step 3: 1 2
We want to find %? ] At the instant in question, §= 16(5) =4 ftand
Step 4: ds 1
— = 32| — |= 164fsec.
D=+fx+y dt 2
Step 5: Step 3:
[ dx
dp 1 (2xﬁ+zyﬁ)—xd3 Y We want to find T
f f 2
dt a0 + }’2 dar dt X%+ y Step 4
Step 6: By similar tniangles, x-30 =2 This s equivalent to
D _OEDHANED) oo 50-s 5
dt /52 +122 50x — 1500 = 50x ~ sx, orsy = 1500, We will use
The particle’s distance from the origin is changing at the x=1500s5"".
rate of -5 m/sec.
29, Step § Step 5
. Step |
Streat & s0052 L
light dt dt
Step 6
& o -1500(4)(16)=~1500
16 ft - 00 Tae) =~ sec
The shadow is moving at a velocity of ~1500 ft/sec.
of 31, Step 1:
Shadow s £ =0 wh is right in fr £
" P—— x = position of car (x= 0 when car is right in front of you)

& = camera angle. (We assume @ is negative until the car

x = distance from streetlight base to man
passess in front of you, and then positive.)

s = length of shadow

Step 2: Step 2:

At the instant in question, @ = ~5 fifsecand x = 101, At the first instant in question, x = 0 ft and ? =264 ft/sec.
dt t

Step 3:

A half second later, xé(?,étl) =132 fiand %E = 264 fi/sec.
1

We want to find ﬁ
dt Step 3:

Step 4 48 )
s s4x We want to find — at each of the two instants.
By similar triangles, e This is equivalent to dt :
3 Step 4:
165 =6s+6x,0r s=—x. S( x
5' ) 6: tan™*| ——
Step 5: 132
ds _3 dx : Step 5:
dt 5dt a8 1 L ax
dt x ¥ 1324
14 =
132

TN



31. Continued
Step 6:
When x=0: i = -————I———(-L)(Eﬁ-’-t) = 2 radians/sec
dt o Y32
».}» FS—
(132
When x =132 4 = M(&)(ZM) = 1 radians/sec
dt 132 132
T4 —
132
32. Step 1:

33.

P = x-covrdinate of plane’s position
x = xcoordinate of car’s position
s = distance from plane to car {line-of-sight)

Step 2:
Al the instant in question,

p=(},§€—& 120mph, 5= Smi, and §-=—160mph.

Step 3:

We want to find Wj‘;x___
dt

Step 4:
(x~pP+3 =5
Step §:

dx dp ds
2Ax—p)f = - = |=2s=
(x p}(dr a’t) ar
Step 6:

Note that, at the instant in guestion,

x5 -3 =4mi.
24~ 0)(-33‘; m120)= 2(5)-160)

8(%w 120) = —1600
dt

dx
——120=-200
dt
dx
— = —80mph
dt P
The car’s speed is 80 mph.
Step 1:

5 = shadow length
6 = sun’s angle of elevation

Step 2:

At the instant in guestion,

§=60 ft and %? = 0.27°/ min = 0.0015% radian/min.
Step 3:

We want to find —-9’—8—.
dr

Step 4:

tan @ = 8 ors=80cot@
¥

M.

Section 4.6

Step 5:

& o _80csc? %Y
t dt

Step 6:

Note that, at the moment in question, since tan

80

6 =— and()<9<£, wehavesineuf'« and so
. 60 2 5

csc9=~5~.
4

A
& _ —so(f) (0.00157)
dt 4

=~0.18757 - 1200

min Ift
=225 in./min
= 7.1 in/in

Since %{ <0, the rate at which the shadow length is’
t

decreasing is positive, The shadow length is decreasing at
the rate of approximately 7.1 in./min.

Step 1.

a= distance from origin to A

b= distance from origin to B

€= angle shown in problem statement

Step 2:

At the instant in question, %‘i =-2m /sec,? = 1 mysec,
t t

a=10m, and b = 20m.

‘Step 3:
We want to find 2:6—
dt
Step 4:
=2 or6=1an"] <
b b
Step 5:
gg_ ] g»l?-. bfgg.. —a m‘g..é.
d6_ 1 dt__dt __dt _ dt
dr % a*+b*
a
L} —
Step 6:
99 Q2= 0D _ 4 1 dian / sec
dt 10% +20?
= 5,73 degrees/sec

To the nearest degree, the angle is changing at the rate of
-6 degrees per second.

215
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35, Step 1t
A

o b B
a = distance from O t0 A
b = distance flom O 1o B
¢ = distance from A to B

Step 2:
Al the tnstant in question, a=5 nautical miles, b =3

nautical miles, @— =14 knots, and %2 =21 knots.
1 t

Step 3:

We want to find ic— R
dt

Step 4:
Law of Cosines : ¢ =a® +b* ~2ab cos120°
d =a® + b +ab
Step 5:
2(;5{(5 = 2ai€+ 2bﬁé+a§£+ biiE
dt dt a4t dt
Step &
Note that, at the instant in guestion,

c=Na® + 52 +ab = (5 + 3 +(5X) =49 =7

2(7)35— = 2(5)(14) + 203021 + (X2 1)+ (3X14}

14£€=413
dt

f;’ﬁ = 29.5 knots
di

The ships are moving apart at a rate of 29.5 knots.

36. True. Since 5{9 = 27:51—);, a constant
dr df

éﬁ results in a constant Ej}:
dt dr’

37. False. Since @ ?.nrﬂi, the value of a depends on r.
dt dt dt
38. A v=5

dv =3s%ds
24 =35%(2)
$=2in

39.E. sA = 65°
dsA =12sds
12 =12sds

dsm~1~

SA
V=5
dV =3¢ ds = 35° 1

§
24 =35
s=8in

06, dy
08 4t

%}i =225, but it is negative because y is decreasing.
t

ﬁi,}i =225,
dr &'

41L.B. v=nrth
sA=2mrh
dv=mridh
dsA = 27hdr
dv = dsA
wr*dh = 2xhdr
dh_,dr

r2

h
2 ol
100 @

dr =012
sec

de —ii—(.vc3 ~6x* +15x)

42, (a) =
dt dt

=(3x*~12x+ 15)-‘-{-“—
dt

={3(2)* - 12(2)+15](0.1)

=03 _
ar_ fm@x) = 9E =9(0.1)= 0.9
dt  dt dr
&2 09-03=06
dt dt dt

PR PR
dr  dt X

(3x2 - 12x—if—)ii"-
X dt

[3(1.5)2 —12(1.5)—%](0.05)
= 1.5625 '

Il

o

N



42, Continued

dr d dx

— — = 70— =T70(0.05)= 3.5
(b) 7@ {(70x3=T70 % {(0.05)

dp dr de

e - = 3 5 (1.5625) = 5.0625

dr  dr dr ¢ )

43. (a) Note that the level of the coffee in the cone is not

needed until part (b).
Step 1:

Y = volume of coffee in pot
y = depth of coffee in pot

Step 2:

1
—L =10 in® / min
Step 3:

We want to find the value of ?
t

Step 4
W =97y
Step 5:
dav

dt dt
Step 6:
0= 97(92

d

11
& = 19 = (.354 in./min
dt 9
The level in the pot is increasing at the rate of

approximately 0.354 in./min.

(b) Step 1:

‘V2 = yvolume of coffee in filter

r=radius of surface of coffee in filter
# == depth of coffee in filter

Step 2:
) av, N
At the instant in question, WJW =—10in" /min and
t
h=5in.
Step 3:

We want to find ——5&.
dr

Step 4

Note that fwxé, S0 rmwhv.
h 6 2

3
Then V2 2~Eﬂr2h=—ﬂ—h——‘
3 12
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Step 5:
v, _mh’ dn

dt 4 dt
Step 6:

2
0T
4 dt

dh 8. ..
b 11411511}
dt S5r

Nole that %@ < (0, so the rate at which the level is
r

Jalling is positive. The level in the come is falling at the

rate of 8 = (3.509 in./min.
5m

44, Step 1:

2 = rate of CO2 exhalation (mL/mir)

D = difference between CO2 concentration in blood

pumped to the lungs and CO, concentration in blood
returning from the lungs (mL/L)

y = cardiac output

Stép 2:

At the instant in question, ( = 233 mL/min, D = 41 mL/L,

D, (mL/L)/min, and %Q = mE/min®.
t

dt
Step 3:
, - dy
We want to find the vakue of le
t
Step 4:
=2
g D
Step 5:
pée_,db
dy __dr  dt
dt D*
Step 6:
&y GUO= 3D 486 G597 Lnin?
dr (41n? 1681

The cardiac output is increasing at the rate of approximately
0.277 Limin™ .

45, (a) The point being plotted would correspond to a point on

the edge of the wheel as the wheel tarns,

(b} One possible answer is 8 = 165¢, where ¢ is in seconds.
(An arbitrary constant may be added to this expression,
and we have assumed counterclockwise motion.)
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45. Continuned dy dv  du
. ) . (b} ~o- = (uv) = s+ v—
(c) In general, assuming counterclockwise motion: dr  dr dr dt
. d8 _ e = 1(0.03) + v(~0.02u)
—c—i? =~2 smag = -2sin®) (16m) = ~327sin 0 = 00Ty
D 00s8%0 = 2cos0)(167) = 327 cos0 =001y
dt dt The total production is increasing at the rate of
A“’:%‘ 1% per year.
dx 7 Quick Quiz Sections 4.4-4.6
= -3m s o= ~16m(+[2) =~ —71.086 ftisec
dy r_ - 1.B.x =x pACo)
—=30m cos = 167(~/2) = 71.086 fifsec AT
b1 Foy=xt+2x-1
At G o= —:
2 Flxy=32+2
%:—:—321!8511%:%32%%"«100.531 fHfsec . ;I_(1)3+2(1)m1 3
2 2 5
fl—)’wxfiz:rcosﬁ:()ﬁ/sec 3(13? +2
dt 2 3 3
A=z s |3 +2 3 -1
i‘iﬁm—32s'rsin:ﬂ‘:=0 ft/sec x3mg—————-——~————2 =0.465
dt 3
dy -1 +2
:1— =32m cos 7t = —327 = —100.531 fifsec 5
t
46. (a) One possible answer: 2.B. 2 =x%+)?
x=30¢088, y= 40+ 30 sind
_ =V +3 =5
{b) Since the ferris wheel makes one revolution every & dx g
10 sec, we may let 8=0.2a¢ and we may write 27— = D zme
x = 30080.27r¢, y = 40+ 30 sin0.27¢. (This assumes dr d;y déy
that the ferris wheel revolves counterclockwise.) 5= 4(3‘&‘) + 3;‘:‘
In general: dy 1
& o 306 0.271)(0.27) = ~675in 0,271 dr 3
dt ' ﬁr3ﬁx=3[1]=1
% = 30(cos 0.2t H{0.27) = 67t cos 0.271 e dt \3
A x(DH)=70
Att=5: . Y1) = 60
& - bmsinm =0 fsec 25y = (600 +70%)"2
fjh & _ 1(360m2 +4900)"2 (7200¢)
& 67 cos 7L = 6m(—1) = ~18.850 fifsec )
dt dz _ 7200(4)
Atr=8§: dt  2(3600(4)% +4900)"*
dz
& _ 6msinl 67 ~17.927 fsec 578
atr
dy
== 67 ¢0s1.67 =~ 5.825 fifsec 4@ flo= \/;
dy d & d =2
dy ~dy 7 | R 1
47. (@) — = — ()= g+ y— ey — & a _ b
: dt dr( Coodr 4t f@5) 2 (25) 10
- g(g.05v)+v(0.04u) \[2—6 =~5+-—1—(26—25)=5.1
= 0.094v Hy
= .09y

Since i—y = 0.09y, the rate of growth of total production
t

is 9% per year.



